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Abstract. The total surgery obstruction of a finite n-dimensional Poincare 
complex X is an element s(X) of a certain abelian group ci>7i (X) with the 
property that for n > 5 we have s(X) = if and only if X is homotopy 
equivalent to a closed n-dimensional topological manifold. The definitions of 
§nP0 and s(X) and the property are due to Ranicki in a combination of results 
of two books and several papers. In this paper we present these definitions and 
a detailed proof of the main result so that they are in one place and we also 
add some of the details not explicitly written down in the original sources. 
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1. Introduction 

An important problem in the topology of manifolds is deciding whether there 
is an n-dimensional closed topological manifold in the homotopy type of a given 
ri-dimensional finite Poincare complex X. 

Recall that the "classical surgery theory" alias "Browder-Novikov-Sullivan-Wall- 
Kirby-Siebenmann theory" provides a method to decide this question in the form 
of a two-stage obstruction theory, when n > 5. A result of Spivak provides us with 
the Spivak normal fibration (SNF) vx ■ X — >• BSC, which is a spherical fibration, 
stably unique in some sense. If X is homotopy equivalent to a closed manifold 
then vx reduces to a stable topological block bundle, say Dx '■ X — >• BSTOP. The 
existence of such a reduction is the first obstruction. In terms of classifying spaces, 
the composition 

(1.1) #oiAv:A^BSG^B(G/TOP) 
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has to be homotopic to a constant map. Any reduction T>x determines a degree one 
normal map (/, b) ; M — > X from some n-dimensional closed topological manifold 
M to X with a surgery obstruction, which we call the quadratic signature of (/, b) 
and denote 

(1-2) sign^ jri(x)] (/,6)e J L n (Z 7 r 1 (X)). 

The complex X is homotopy equivalent to a closed manifold if and only if there 
exists a reduction for which sign^,^^/, b) = 0. 

The "algebraic theory of surgery" of Ranicki replaces the above theory with a 
single obstruction, namely the total surgery obstruction 

(1.3) s(X) e S n (X) 

where S n (X) is the n-dimensional structure group of X in the sense of the algebraic 
theory of surgery, which is a certain abelian group associated to X. It is the aim 
of this paper to discuss the definitions of S n (X) and s(X) and explain how they 
replace the classical theory. 

The advantage of the algebraic theory is two-fold. On the one hand it is a 
single obstruction theory which by itself can be more convenient. On the other 
hand it turns out that the group S n (X) has an L-theoretic definition, in fact it 
is isomorphic to a homotopy group of the homotopy fiber of a certain assembly 
map in L-theory. Hence the alternative approach allows us to solve our problem 
by entirely L-theoretic methods, for example by showing that the assembly map 
induces an isomorphism on homotopy groups and so §„(JT) = 0. This possibility 
is in contrast with the classical surgery theory, where the first obstruction (1.1) is 
not L-theoretic in nature. 

However, in practice, often slightly different assembly maps turn out to be more 
accessible for studying, as is the case for example in the recent papers [BL09], 
[BLW09]. Then the theory needs to be modified to accommodate in addition the 
integer valued Quinn resolution obstruction. In the concluding section 15 we offer 
more comments on this generalization and applications as well as examples. 

The ingredients in the theory surrounding the total surgery obstruction are: 

- The algebraic theory of surgery of Ranicki from [Ran80a] , [Ran80b] . This 
comprises various sorts of L-groups of chain complexes over various additive 
categories with chain duality and with various notions of Poincarc duality. 
The sorts of L-groups are "symmetric" , "quadratic" and "normal" . The 
last notion is also due to Weiss in [Wei85a], [Wei85b]. 

- The classical surgery theory in the topological category from [Bro72] , [Wal99] . 
The algebraic theory is not independent of the classical theory, in the sense 
that the proof that the algebraic theory answers our problem uses the clas- 
sical theory. 

- Topological transversality in all dimensions and codimensions as provided 
by Kirby-Siebenmann [KS77] and Freedman- Quinn [FQ90]. 

- The surgery obstruction isomorphism, [KS77, Essay V, Theorem C.l]: 

sign^* : tt„(G/TOP) ■=> L„(Z) for n > 1. 

- Geometric normal spaces and geometric normal transversality, both of 
which were invented by Quinn. However, the whole theory as announced 
in [Qui72] is not needed. It is replaced by the algebraic normal L-groups 
from the first item. 

1.1. The basics of the algebraic theory of surgery. Mishchenko and Ranicki 
defined for a ring R with involution the symmetric and quadratic L-groups L n (R) 
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and L n (R) respectively, as cobordism groups of chain complexes over R with sym- 
metric and quadratic Poincare structure respectively. The quadratic L-groups are 
isomorphic to the surgery obstruction groups of Wall [Wal99] . 

Let W be the standard Z[Z2]-resolution of Z. An n-dimensional symmetric 
structure on a chain complex C is an n-dimensional cycle 

<p G W % (C) := Hom z[Z2 , (W, C ® R C) S Hom z[Z2] (W, Hom«(Cr*, C)). 

It can be written out in components (p — (ipi : C n ~* — > C*+i)igN- If fo '■ C n ~* C 
is a chain homotopy equivalence, then the structure is called Poincare. Given an 
?i-dimensional cycle x G C(A), there is a symmetric structure ip(x) on C(X) over 
Z[7Ti(X)] with (p(x)o = - fix: C(X) n ~* — > C(X) given by an equivariant version 
of the familiar Alexander- Whitney diagonal approximation construction. If A is a 
Poincare complex with the fundamental class [A], then we obtain the symmetric 
signature of A, 

(1.4) sign^ i(x)] (A) = [(C(X),<p([X]))} G L"(ZMA)]). 

An n-dimcnsional quadratic structure on a chain complex C is an n-dimensional 
cycle 

ip G W%{C) := W ® Z{M (C ® R C)^W ® Z[Z2] (Homa(C— , C7)). 

There is a symmetrization map 1 + T: W%(C) — > W % (C) which allows us to see 
quadratic structures as refinements of symmetric structures. A quadratic structure 
is called Poincare if its symmetrization is Poincare. Such a quadratic structure is 
more subtle to obtain from a geometric situation. As explained in Construction 
2.16, given an rt-dimensional cycle x £ C(A) and a stable map F: YPX + — s> YPM + 
there is a quadratic structure ip(x) over Z[vri(A)] on C(M). A degree one normal 
map (/, b) : M — > X between n-dimensional Poincare complexes induces a map of 
Thorn spaces Th(&) : T\y{vm) — > Th(^x) which in turn, using ^-duality, 1 produces a 
stable map F : E p X + — >■ S P M + for some p. The quadratic construction ip produces 
from the fundamental class [A] a quadratic structure on C(M). Considering the 
Umkehr map f : C(X) -> T,~'PC{YPX + ) T,-^C{TPM + ) -> C(M) and the inclu- 
sion into the algebraic mapping cone e: C(M) — > C(/ ! ) we obtain an n-dimensional 
quadratic Poincare complex called the quadratic signature of (/, b) 

(1.5) sign^^^/,6) = [(C(/ ! ),e % V(™ 6 L n {J,[-K X {X)]) 

If (/, b) is a degree one normal map with M an n-dimensional manifold, then the 
quadratic signature (1.5) coincides with the classical surgery obstruction. 

1.2. The structure group §„(A). A generalization of the theory in 1.1 is ob- 
tained by replacing the ring R with an algebraic bordism category A. Such a cate- 
gory contains an underlying additive category with chain duality A. The category 
A specifies a subcategory of the category of structured chain complexes 2 in A and 
a type of Poincare duality. We obtain cobordism groups of such chain complexes 
L™(A) and L n (A) and also spectra L*(A) and L.(A) whose homotopy groups are 
these L-groups. 

The notion of an additive category with chain duality allows us to consider struc- 
tured chain complexes over a simplicial complex A, with tt = 7Ti(A). Informally 
one can think of such a structured chain complex over A as a compatible collection 
of structured chain complexes over Z indexed by simplices of A. "Forgetting" the 
indexing "assembles" such a complex over A to a complex over Z and an equi- 
variant version of this process yields a complex over Z[tt]. The algebraic bordism 



see section 3 for more details if needed 

meaning chain complexes with a symmetric or quadratic structure 



4 



PHILIPP KUHL, TIBOR MACKO AND ADAM MOLE 



categories allow us to consider various types of Poincare duality for structured 
complexes over X. There is the local Poincare duality where it is required that the 
structure over each simplex is Poincare, with the category of all such complexes 
denoted A(Z)*(A"). It turns out that 3 

(1.6) L w (A(Z)„pO) = H n (X;L.(Z)) L n (A(Z)*(X)) = H n (X; L'(Z)). 

Then there is the global Poincare duality where only the assembled structure is 
required to be Poincare, with the category of all such complexes denoted A(Z[7r]) 
for the purposes of this introduction 4 . The assembly gives a functor A : A(Z)* (X) — > 
A(Z[7r]) which induces on the L- groups the assembly maps 

(1.7) A:H n (X;L'(Z)) -> L"(Z[tt]) A: H n (X; L.(Z)) -> L„(Z[tt]) 

In a familiar situation such chain complexes arise as follows. A triangulated 
?i-climensional manifold X has a dual cell decomposition, where for each simplex 
a G X the dual cell (D(a),dD(a)) is an (n — |<7|)-dimensional submanifold with 
boundary. The collection of chain complexes C(D(a),dD(cr)) together with cor- 
responding symmetric structures provides the symmetric signature of X over X, 
which is a locally Poincare symmetric complex over X 

(1.8) sign^(X) g H n (X;L'(Z)) A(s>gp% (X)) = sign^X) G i"(Z[vr]). 

A degree one normal map (f,b):M —¥ X from an n-dimensional manifold M to 
a triangulated n-dimensional manifold X can be made transverse to the dual cells 
of X. Denoting M(a) — f~ 1 (D(a)) this yields a collection of degree one normal 
maps of manifolds with boundary (f(a),b(a)):(M(a),d(M(a)) -> (D(a),dD(a)). 
The collection of chain complexes C(f(o~)') with the corresponding quadratic struc- 
tures provides the quadratic signature of (/, b) over X which is a locally Poincare 
quadratic complex over X 

(1.9) sign£(/,6) G H n (X;L.(Z)) A(sign£ (/, &)) = sign^ (/, 6) G L n (Z[ir]). 

The L-groups relevant for our geometric problem are modifications of the above 
concepts obtained by using certain connective versions. 

The cobordism group of n-dimensional quadratic 1-connective complexes that are 
locally Poincare turns out to be isomorphic to the homology group H*(X, L.(l)), 
where the symbol L.(l) denotes the 1-connective quadratic L-theory spectrum. 
The cobordism group of n-dimensional quadratic 1-connective complexes that are 
globally Poincare turns out to be isomorphic to L n (Z[ir]). The assembly functor 
induces an assembly map analogous to (1.7). 

The structure group S n (X) is the cobordism group of (n — l)-dimensional qua- 
dratic chain complexes over X that are locally Poincare, locally 1-connective and 
globally contractible. All these groups fit into the algebraic surgery exact sequence: 

(1.10) ••• -m n (X,U{l)) Ai n (Z[7ri(A-)]) 4s n (X) 4 #„_!(*; L.<1)) 

The map / is induced by the inclusion of categories and the map d will be described 
below. 



3 here L.(Z) is short for L.(A(Z)» (pt.)) 

4 The notation here is justified by Proposition 6.6 which says that the L-theory of this category 
is indeed isomorphic to the L-theory of the group ring. 
°This is a technical point addressed in section 15 
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1.3. The total surgery obstruction s(X) £ S n (X). We need to explain how 
to associate to X an (n — l)-dimensional quadratic chain complex over X that is 
locally Poincare, locally 1-connective and globally contractible. 

Being Poincare is by definition a global condition. What local structure does a 
Poincare complex have? The answer is the structure of a normal complex. 

An n-dimensional normal complex (Y, u, p) consists of a space Y , a fc-dimensional 
spherical fibration v: Y — > BSG(fc) and a map p: S n+k — > Th(z^). There is also a 
notion of a normal pair, a normal cobordism, and normal cobordism groups. A 
Poincare complex X embedded into a large euclidean space has a regular neighbor- 
hood. Its boundary produces a model for the SNF vx and collapsing the bound- 
ary gives a model for the Thorn space Th(z^x) with the collapse map px- In a 
general normal complex the underlying space Y does not have to be Poincare. 
Nevertheless it has a preferred homology class h(p) fl u(v) = [Y] £ C n (Y), where 
u{v) £ C k {Th(v)) is some choice of the Thorn class and h denotes the Hurewicz 
homomorphism. The class [Y] produces a preferred equivalence class of symmetric 
structures on C(Y). 

There exists a notion of an n-dimensional normal algebraic complex (C, 9) over 
any additive category with chain duality A. At this stage we only say that the 
normal structure 9 contains a symmetric structure, and should be seen as a certain 
refinement of that symmetric structure. 6 Again one can consider normal complexes 
in an algebraic bordism category A, specifying an interesting subcategory and the 
type of Poincare duality on the underlying symmetric structure. The cobordism 
groups are denoted NL n (A) and there are also associated spectra NL*(A). For a 
ring R we have the cobordism groups NL n (R) of n-dimcnsional normal complexes 
over R with no Poincare duality in this case! A geometric normal complex (Y, v, p) 
gives rise to a normal algebraic complex, called the normal signature 

(1.11) sign^; (y)]( y) g NL n {Z[-K X {Y)}). 

whose symmetric substructure is the one associated to its fundamental class [Y]. 

So how is a Poincare complex X locally normal? For a simplex a £ X consider 
the dual cell (D(a),dD(aj), which is a pair of spaces, not necessarily Poincare. 
The SNF vx can be restricted to (D(a),dD(aj), remaining a spherical fibration, 
say {vxicr), vx{da)). A certain trick' is needed to obtain a map 

p(a):(D n+k -W,S n - 1+k -W) -> (Th{u x (a)),Th(y x (da))) 

providing us with a normal complex "with boundary" . The collection of these gives 
rise to a compatible collection of normal algebraic complexes over Z and we obtain 
an n-dimensional normal algebraic complex over X whose symmetric substructure 
is globally Poincare. As such it can be viewed as a normal complex in two distinct 
algebraic bordism categories. 

There is the category A(Z)(1/2)(A), which is a 1/2-connective version of all 
normal complexes over X with no Poincare duality. We obtain the 1/2-connective 
normal signature of X over X s 

(1.12) sign£ L '(A) £ Ai"(A(Z)(l/2)(A)) £ H n (X, NL # (l/2». 

Similarly as before the assembly of (1.12) becomes (1.11) . 

Then there is the category A(Z)(1/2)(A), which is a 1/2-connective version of 
all normal complexes over X with global Poincare duality. The cobordism group 



'The details are presented in section 3 
Presented in section 11 

'The connectivity condition turns out to be fulfilled, see section 9 for explanation if needed 



6 



PHILIPP KUHL, TIBOR MACKO AND ADAM MOLE 



NL n (A(Z)(l/2)(X)) is called the 1/2-connective visible symmetric group and de- 
noted VL n (X). We obtain the visible signature of X over X 

(1.13) sigr^'(X)eVL n (X). 

The forgetful functor A(Z){1/2}(X) A{Z)(1/2)(X) induces a map on TVL-groups 
which sends (1.13) to (1.12). 

But we are after an (n — l)-dimensional quadratic complex. To obtain it we need 
in addition the concept of a boundary of a structured chain complex. Consider an 
n-dimensional symmetric complex (C, ip) over any additive category with chain 
duality A. Its boundary (dC,dip) is an (n — l)-dimensional symmetric complex in 
A whose underlying chain complex is defined as dC = E -1 C(y>o)- The (n — 1)- 
dimensional symmetric structure dp is inherited from ip. It becomes Poincare in 
A, meaning C((d(p)o) is contractible in A, by a formal argument. 9 The boundary 
(dC, dip) can be viewed as measuring how the complex (C, ip) itself is Poincare in 
A. It is shown in Proposition 3.17 that an n-dimensional symmetric complex (C, ip) 
which is a part of a normal complex (C, 9) comes with a quadratic refinement dip 
of the symmetric structure dp on the boundary. 10 

From this description it follows that the boundary produces the following two 
maps: 

(1.14) 9:L„(Z[7r]) -*Sn(X) and d: VL n (X) -»■ S„(X). 

The total surgery obstruction s(X) is defined as the (n— l)-dimcnsional quadratic 
complex over X, obtained as the boundary of the visible signature 

(1.15) s(X) = d sign£ L * (X) e § n (X). 

It is locally Poincare, because by the above discussion any boundary of a complex 
over X is locally Poincare. It is also globally contractible since X is Poincare and 
hence the boundary of the assembled structure is contractible. The connectivity 
assumption is also fulfilled. 

Main Theorem. [Ran92, Theorem 17.4] 

Let X be a finite Poincare complex of formal dimension n > 5. Then X is 
homotopy equivalent to a closed n-dimensional topological manifold if and only if 

= s(X) e Sn(X). 

The proof is based on: 

Main Technical Theorem. 

Let X be a finite Poincare complex of formal dimension n > 5 and denote by 
t(X) = I(s(X)) e # n _ipf,L.(l)). Then we have 

(I) t{X) = if and only if there exists a topological block bundle reduction of 

the SNFv x :X -> BSC 
(II) Ift(X) = then we have 

d-hiX) = { - sign^ i(x)] (/,6) e L n (V\TT\ (X)] ) 

(f,b):M—>X degree one normal map, M manifold}. 

Proof of Main Theorem assuming Main Technical Theorem. 

If X is homotopy equivalent to a manifold then t(X) — and by (II) the set 
d~ 1 s(X) contains 0, hence s(X) = 0. 



The choice of terminology is explained below Definition 2.25 
10 The normal structure on C provides a second stable symmetric structure on dC in addition 
to dip and the two structures stably coincide. Such a situation yields a quadratic structure. 
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If s(X) = then t(X) = and hence by (I) the SNF of X has a topological block 
bundle reduction. Also d^ 1 s(X) must contain and hence by (II) there exists a 
degree one normal map with the target X and with the surgery obstruction 0. □ 

Remark 1.1. The condition (I) might be puzzling for the following reason. As 
recalled earlier, the classical surgery gives an obstruction to the reduction of the 
SNF in the group [A,B(G/TOP)] = H X (X; G/TOP). It is important to note that 
here the f2°°-space structure used on G/TOP corresponds to the Whitney sum and 
hence not the one that is compatible with the well-known homotopy equivalence 
G/TOP ~ L(l) . On the other hand t(X) e H n _ 1 (X; L. (1)). We note that the 
claim of (I) is NOT that the two groups are isomorphic, it merely says that one 
obstruction is zero if and only if the other is zero. 

1.4. Informal discussion of the proof of Main Technical Theorem. 

Part (I): The crucial result is the relation between the quadratic, symmetric, and 
normal i-groups of a ring R via the long exact sequence 

(1.16) > L n (R) L n {R) — J -^ NL n (R) — L n -i(R) ► • • ■ 

Here the maps 1 + T and d were already discussed. The map J exists because a 
symmetric Poincare structure on a chain complex yields a preferred normal struc- 
ture, reflecting the observation that a Poincare complex has the SNF and hence 
gives a geometric normal complex. Using suitable connective versions there is a 
related homotopy fibration sequence of spectra (here the implicit ring is Z) 

(1.17) L.(l> -> L"(0) -> NL*(l/2) SL.(l). 

The exactness of (1.16) and fibration property of (1.17) are not easily observed. It 
is a result of [Wci85a, Wci85b] for which we offer some explanation in section 3. 
The sequence (1.17) induces a long exact sequence in homology 

(1.18) ••• ->#„(*; L'(0)) 4ff n (X;NL*<l/2» ^ H n ^(X;L.(l)) -> • • • 
Another tool is the 5-duality from stable homotopy theory, which gives 

(1.19) H n (X;E)=H k (Th(iy x );E) with E = L. (1),L*(0), or NL" (1/2). 

and transforms the exact sequence (1.18) into an exact sequence in cohomology of 
the Thorn space Th(i/x)- 

The proof of the theorem is organized within the following commutative braid: 




We observe that 
(1.20) t(X) =dsign£ L '(A) eff„_i(X;L.(l)) 

with the normal signature over X from (1.12). 
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Assuming the above, the proof proceeds as follows. If vx has a reduction, then 
it has an associated degree one normal map (/, b) : M — > X which can be made 
transverse to the dual cells of X. For each a the preimage (M(a),dM(a)) of the 
dual cell (D(a),dD(a)) is an (n— |er|)-dimensional submanifold with boundary and 
generalizing (1.8) we obtain 

(1.21) sign^(M) g L n (A(Z)(0)*(X)) S H n (X;L'(0)) 

The mapping cylinder of the degree one normal map (/, b) becomes a normal cobor- 
dism between M and X and, as such, it produces a normal algebraic cobordism 
between J(sign^ (M)) and sign^ L (X). In other words the symmetric signature 
sign^- (M) is a lift of the normal signature sign^ L (X) from (1.12) and it follows 
from the exact sequence (1.18) that t(X) vanishes. 

The crucial concept used in the proof of the other direction is that of an orien- 
tation of a spherical fibration with respect to a ring spectrum, such as L*(0) and 
NL"(l/2). For such a ring spectrum an E-orientation of the SNF vx is an element 
in H k (Th(vx)] E) with a certain property. By the S-duality (1.19) it corresponds 
to a homology class in H n (X, E) . It turns out that the SNF vx has a certain 
canonical NL* (l/2)-orientation which corresponds to the normal signature (1.12) 
in this way. Similarly if there is a reduction of Ux with a degree one normal map 
(/, b) : M — > X, then it gives an L*(0)-orientation of vx which corresponds to the 
symmetric signature (1.21) of M over X. 

Theorem 13.7 says that a spherical fibration has a topological block bundle reduc- 
tion if and only if its canonical NL* (l/2)-orientation has an L* (O)-lift. The proof is 
by analyzing classifying spaces for spherical fibrations with orientations, a certain 
diagram (Proposition 13.5) is shown to be a homotopy pullback. Here is used the 
fact that the surgery obstruction map 7r„(G/TOP) — > L n (Z) is an isomorphism for 
n > 1. 

Part (II): To show the inclusion of the right hand side one needs to study the 
quadratic signatures over X of degree one normal maps (/, b) : M — !> X with M an 
rt-dimcnsional closed manifold and X an n-dimcnsional Poincare complex. That 
means studying the local structure of such maps which boils down to studying 
quadratic signatures of degree one normal maps (g, c) : N — > Y where Y is only a 
normal complex. In this case one obtains a non-Poincare quadratic complex whose 
boundary can be related to the quadratic boundary of the normal complex Y as 
shown in Proposition 14.1. Passing to complexes over X one obtains a quadratic 
complex over X, still denoted sign^* (/, b) although it is not locally Poincare, whose 
boundary is described in Proposition 14.4 establishing the required inclusion. 

To study the other inclusion a choice is made of a degree one normal map 
(/o, bo) : Mo —s- X. Recall that all degree one normal maps with the target X 
are organized in the cobordism set of the normal invariants Af(X). One considers 
the surgery obstruction map relative to (/o, &o) 

(1.22) sign^p^t- -) - S ign^ i(Jf)] (/ 0) bo):W(X) -> L n {Z[ Vl (X)]). 

The signature sign^* over X relative to (/oj&o) produces a map from the nor- 
mal invariants M(X) to the homology group H n {X\ L.(l)). The main technical 
result is now Proposition 14.13 which states that this map provides us with an 
identification of (1-22) with the assembly map (1.7) for X. In particular it says 
that sign^* relative to (/o, bo) produces a bijection. Via the standard identification 
Af(X) [X;G/TOP] and the bijection [X, G/TOP] H (X;L.(l)) (using the 
Kirby-Siebenmann isomorphism again) this boils down to identifying sign^-* with 
the Poincare duality with respect to the spectrum L,(l). Here, similarly as in 
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part (I), a relationship between the signatures and orientations with respect to the 
L-theory spectra plays a prominent role (Proposition 14.19 and Lemma 14.21). 

The purpose of the paper. As the title suggests this article revisits the existing 
theory which was developed over decades by Andrew Ranicki, with contributions 
also due to Michael Weiss. On one hand it is meant as a guide to the theory. We 
decided to write such a guide when we were learning the theory. It turned out that 
results of various sources needed to be combined and we felt that it might be a 
good idea to have them in one place. The sources are [Ran79,Ran81,LR87,Ran92], 
and also [Wei85a, Wei85b] . On the other hand, we found certain statements which 
were correct, but without proofs, which we were able to supply. These are: 

- The fact that the quadratic boundary of a certain (normal, Poincare) geo- 
metric pair associated to a degree one normal map from a manifold to a 
Poincare space agrees with the surgery obstruction of that map is proved 
in our Example 3.26. The claim was stated in [Ran81, page 622] without 
proof. The proposition preceding the claim suggests the main idea of the 
proof, but we felt that writing it down is needed. 

- The construction of the normal signature sign^ L (A) in section 11 for an 
n-dimensional geometric Poincare complex A. This was claimed to exist 
in [Ran92, Example 9.12] (see also [Ranll, Errata for page 103]), for X 
any n-dimensional geometric normal complex. We provide details of this 
construction when X is Poincare, which is enough for our purposes. 

In the proof of Theorem 13.7 a certain map has to be identified with the 
surgery obstruction map. The identification was claimed in [Ran79, page 
291] without details. Theorem 13.7 is also essentially equivalent to [Ran92, 
Proposition 16.1], which has a sketch proof and is referenced back to [Ran79] 
for further details. 

- The relation between the quadratic complex associated to a degree one nor- 
mal map from a manifold to a normal complex and the quadratic boundary 
of the normal complex itself as described in Proposition 14.1. We also pro- 
vide the proof of Proposition 14.3 which is a relative version of Proposition 
14.1 and it is also an ingredient in the proof of Proposition 14.4 which 
gives information about the quadratic signature over A of a degree one 
normal map from a manifold to a Poincare complex X. Proposition 14.1 
was stated as [Ran81, Proposition 7.3.4], but only contained a sketch proof. 
Proposition 14.4 is used in the proof of [Ran92, Theorem 17.4]. 

Over time we have also heard from several other mathematicians in the area the 
need for such clarifications. We believe that with this paper we provide an answer 
to these questions and that the proof of the main theorem as presented here is 
complete. We also hope that our all-in-one-package paper makes the presentation 
of the whole theory surrounding the total surgery obstruction more accessible. We 
would be grateful for comments from an interested reader should there still be 
unclear parts. 

It should be noted however, that we do not bring new technology to the proof, 
nor do we state any new theorems. Our supplying of the proofs as listed above is 
in the spirit of the two main sources [Ran79] and [Ran92] . 

Structure. The reader will recognize that our table of contents closely follows part 
I and the first two sections of part II of the book [Ran92]. We find most of the 
book a very good and readable source. So in the background parts of this paper we 
confine ourselves to survey-like treatment. In the parts where we felt the need for 
clarification, in particular the proof of the main theorem, we provide the details. 
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The reader of this article should be familiar with the classical surgery theory 
and at least basics of the algebraic surgery theory. Sections 2 to 10 contain a 
summary of the results from part I of [Ran92] which are needed to explain the 
theory around the main problem, sometimes equipped with informal comments. 
The reader familiar with these results can skip those sections and start reading 
section 11, where the proof of the main theorem really begins. In case the reader 
is familiar with everything except normal complexes, he may consult in addition 
section 3. 

Literature. Besides the above mentioned sources some background can be found 
in [Ran80a], [Ran80b], [Ran02a], [Ran02b]. 

Note. Parts of this work will be used in the PhD thesis of Philipp Kiihl. 

Acknowledgments. We would like to thank Andrew Ranicki for stimulating lec- 
tures on algebraic surgery in Fall 2008, for answering numerous questions, and for 
generous support. We would also like to thank Ian Hambleton for inspiring conver- 
sations and Frank Connolly, Diarmuid Crowley, Qayum Khan, Wolfgang Luck and 
Martin Olbermann for comments and suggestions on the first draft of this paper. 

2. Algebraic complexes 

In this section we briefly recall the basic concepts of algebraic surgery. The 
details can be found in [Ran80a, Ran80b] and [Ran92, chapter 1]. 

Throughout the paper A denotes an additive category and IB (A) denotes the 
category of bounded chain complexes in A. The total complex of a double chain 
complex can be used to extend a contravariant functor T:A^ B(A) to a con- 
travariant functor T:B(A) — »■ B(A) as explained in detail in [Ran92, page 26]. 

Definition 2.1. A chain duality on an additive category A is a pair (T, e) where 

- T is a contravariant functor T : A — > B(A) 

- e is a natural transformation e : T 2 —> (id : A — > B(A)) such that 

— cm ■ T 2 (M) — > M is a chain equivalence. 

- e T(M) o T(e M ) = id. 

The extension T:B(A) — > B(A) mentioned before the definition defines the dual 
T(C) for a chain complex C £ B(A). A chain duality T: A — > B(A) can be used to 
define a tensor product of two objects M, A in A over A as 

(2.1) M ®a N = Hom A (T(M), N), 

which is a priori just a chain complex of abelian groups. This definition generalizes 
for chain complexes C and D in B(A): 

C® A D:= Hom A (T(C),D). 

Example 2.2. Let R be a ring with involution r H f , for example for R = Z[tt], 
the group ring of a group 7T, we have involution given by g — g^ 1 for g G it. 

The category A(i?) of finitely generated free left i?-modules possesses a chain 
duality by T(M) = Hom^(M, R). The involution can be used to turn an a priori 
right i?-module T{M) into a left i?-module. The dual T(C) of a bounded chain 
complex C over R is Hom^C, R). 

Chain duality is important because it enables us to define various concepts of 
Poincare duality as we will see. Although the chain dual T(M) in the above example 
is concentrated in dimension 0, this is not necessarily the case in general. In section 
5 we will see examples where this generality is important. 
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Notation 2.3. Let W and W be the canonical free Z[Z2]-resolution and the free 
periodic Z[Z2]-resolution of Z respectively: 

W := ^> Z[Z/2] Z[Z/2] s- 

yj? ._ ^ Z[Z/2] Z[Z/2] -^±1> Z[Z/2] ■ ■ • 

The chain duality T can be used to define an involution Tc,c on C ®a C which 
makes it into a Z[Z2]-module chain complex, see [Ran92, page 29]. 

Definition 2.4. We have the following chain complexes of abelian groups: 

W % (C) :=W® nM (C7® A C) 

W % (C) := Hom z[Z2] (W, C ®a C) 

F? % (C) := Hom z[Z2] (F?, C ® A C) 

Notation 2.5. Let /: C — > D be a chain map in B(A). Then the map of Z[Z2]- 
chain complexes / <Ei f : C <E>a C D ®a -D induces chain maps 

f% ■ W% (C) -> 1% (£>) / % : W % (C) -> IF % (£>) f A : W % (C) -> VF % (£>) 

Definition 2.6. Let C be a chain complex in B(A). An n-dimensional symmetric 
structure on C is an n-dimensional cycle <p G W^°(C) n . An n-dimensional qua- 
dratic structure on C is an n-dimensional cycle ip G W%{C) n . An n-dimensional 
hyperquadratic structure on C is an n-dimensional cycle 6 G W^(C) n . 

Note that the dimension n refers only to the degree of the element tp, tp, or 9 and 
does not mean that the chain complex C has to be concentrated between degrees 
and n. 

Notation 2.7. On chain complexes we use the operations of suspension defined by 
(SC)„ = C„_i and desuspension defined by (E C)„ = C n +\. If A is a well-based 
topological space we can consider the reduced suspension EX. For the singular 
chain complexes C(X) and C(EA) and there is a natural chain homotopy equiva- 
lence which we denote E:C(X) — > E _1 C(EX), see [Ran80a, section 1] if needed. 
Sometimes we use the same symbol for the associated map of degree one of chain 
complexes E:C(X) -> C(EX). 

Remark 2.8. The structures on a chain complex C from Definition 2.6 can also 
be described in terms of theirs components. Abbreviating C m ~* — E m TC, an 
element tp G W % {C) n is a collection of maps {tp s : C n+S ~* — > C\s G N}, an element 
ip G W%(C)n is a collection of maps {V's : C" -5- * — > C\s G N}, and an element 
G W % (C) n is a collection of maps {6 S : C n+S ~* -> C|s G Z}, all of them satisfying 
certain identities, see [Ran92, page 30]. In the symmetric case these identities 
describe each tp s as a chain homotopy between <p s _i and T(p s —i. 

Definition 2.9. For a C G B(A) the Q-groups of C are defined by 

Q n (C) = H n (W % (C)) Q n (C) = tf„(W % (C)) Q n (C) = H n (W % (C)) 

Proposition 2.10. [Ran80a, Proposition 1.2] For a chain complex C G B(A) we 
have a long exact sequence of Q-groups 

► Qn{C) Q n (C) — ^ Q»(C7) — 2-> Q n -x{C) ► ■ ■ ■ 

The sequence is induced from the short exact sequence of chain complexes 

o ► w % (C) ► w % {C) ► ew%(C) ► o 
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The connecting map 

(2.2) l + T:W % {C)^W % {C) {{l+T)ip) a = 




7>o if* = 
if s > 1 



is called the symmetrization map. 

Definition 2.11. An n-dimensional symmetric algebraic complex (SAC) in A is a 
pair (C, (f) where C G B(A) and (p is an n-dimensional symmetric structure on C . 
It is called Poincare (SAPC) if tpo is a chain homotopy equivalence. 

An n-dimensional quadratic algebraic complex (QAC) in A is a pair (C, ip) where 
C G B(A) and ip is an n-dimensional quadratic structure on C. It is called Poincare 
(QAPC) if ((1 + T) ■ i/j)o is a chain homotopy equivalence. 

An analogous notion for hyperquadratic complexes is not defined. The following 
construction helps to understand the exact sequence of Proposition 2.10. 



Definition 2.12. Let C be a chain complex B(A). The suspension maps 
S: W % {C) -> X-\W % (ZC)) S: W % {C) ->• E^W^EC)) 
are defined by 

(S(<p)) h := Vk-i (S(9)) k := fc _i 

Proposition 2.13. T/ie hyperquadratic Q-groups are the stabilization of the sym- 
metric Q-groups: 

Q n (C) = colimQ n+fc (£ fc C). 

Moreover, the suspension induces an isomorphism on hyperquadratic Q-groups: 

S:Q n (C) ^ Q" +1 (£C). 

The proposition is proved in [Ran80a, section 1]. It follows that a symmetric 
structure has a quadratic refinement if and only if its suspension S k is zero in 
Q n + fc (£ fc C) for some k. This can be improved in a sense that a preferred quadratic 
refinement can be chosen if a preferred path of the suspension S k to is chosen in 
£-*W % (£ fe C). 

Remark 2.14. There exists the operation of a direct sum on the structured chain 
complexes [Ran80a, section 1]. We remark that the quadratic and symmetric Q- 
groups do not respect this operation, but the hyperquadratic Q-groups do. In fact 
the assignments C n> Q n (C) constitute a generalized cohomology theory on the 
category of chain complexes in A, see [Wei85a, Theorem 1.1]. 

Now we proceed to explain how the above structures arise from geometric ex- 
amples. 

Construction 2.15. [Ran80b, Proposition 1.1,1.2] Let A be a topological space 
with the singular chain complex C(X). The Alexander- Whitney diagonal approxi- 
mation gives a chain map 

V : C(X)^W % (C(X)), 

called the symmetric construction on X, such that for every n-dimensional cycle 
[X] G C(X), the component tp([X]) : C n ~* (X) -> C(X) is the cap product with 
the cycle [X]. 

There exists an equi variant version as follows. Let X be the universal cover of X. 
The singular chain complex C(X) is a chain complex over Z[7Ti(X)]. The symmet- 
ric construction ip-^ on X produces a chain map of Z[7Ti(X)]-modules. Applying 
^€5z[7ri(x)] we obtain a chain map of chain complexes of abelian groups 

ip: C(X) -> W % {C(X)) = Hom z[Z2] (^,C(A > ) ® z[wi (x)] C[X)), 
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still called the symmetric construction of X, and such that for every cycle [X] £ 
C(X), the component <p([X ])o : C n ~*(X) — > C(X) is the cap product with the cycle 
[X], but now we obtain a map of Z[7ri(X)]-module chain complexes. There is also 
a version of it for pointed spaces where one works with reduced chain complexes 
C{X). 

If X is an n-dimensional geometric Poincare complex with the fundamental 
class [X], then y)([X])o is the Poincare duality chain equivalence. In this case 
we obtain an n-dimensional SAPC over Z[7Ti(X)] 

(C(X), ¥>([*])). 

The symmetric construction is functorial with respect to maps of topological 
spaces and natural with respect to the suspension of chain complexes, as shown in 
[Ran80b, Proposition 1.1, 1.2]. However, if we have a chain map C(X) — > C(Y) not 
necessarily induced by a map of spaces, it might not commute with the symmetric 
constructions of X and Y. This is one motivation for the quadratic construction 
below. 

Construction 2.16. [Ran80b, Proposition 1.5] Let X,Y be pointed spaces and 
let F: Y* k X -> Y> k Y be a map. Denote 

/: C(X) 4 E- k C(E k x) -4 E- k c(E k Y) ^> C(Y). 

where is some homotopy inverse of £ from Notation 2.7. The following diagram 
does not necessarily commute, since / does not come from a geometric map 

C(X)— p -^w % {C(X)) 

U f % 
C{Y) — W % {C(Y)) 
There is a chain map, called the quadratic construction on F, 

i>: C{X) -> W%(C(Y)) such that (1 + T) ■ ip = f % <p 

To show that such a map exists we look at the difference f % tp 
Proposition 2.10 to obtain the commutative diagram 

H n {X) 

*i=V " ' « I 

> Q n (C(Y)) > Q"(C(Y)) > Q n (C(Y)) > ■ • • 

The map H n (X) — > Q n (C(Y)) is the stabilization of the map f % <p — </?/*. But 
when we stabilize / we recover the map F: C(Yj k X) — > C(T, k Y), up to a preferred 
chain homotopy. This map comes from a geometric map, and so, by the naturality 
of the symmetric construction, the map H n (X) —> Q n (C(Y)) is zero. 

Then exactness tells us there is a lift. However, we are allowed to look on the 
chain level, and we observe that there is a preferred null-homotopy of the difference 
S k (f % (p - tpf*) ~ F % tp - ipF* in the chain complex ^- k W % (C(^ k Y)). By the 
remark following Proposition 2.13 we obtain a preferred lift. This is describes the 
map tp, the full details can be found in [Ran80b]. 

Similarly as in the symmetric construction there is an equivariant version, also 
called quadratic construction on F, 

tp: C{X) -+W%(C(Y)) such that (1 + T) ■ ip = f % tp - tpf*. 



— iff*, and use 
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Construction 2.17. Let M, X be geometric Poincare complexes with a degree 
one normal map (/, b) : M — > X. Using 7Ti(A)-equivariant ^-duality (see section 3) 
we obtain a stable equivariant map F: E fe X + — > H k M + for some fcGN. Consider 
the Umkehr map 

f : C(X) Y,- k C(Z k X + ) 4 -£- k C(Z k M+) ->■ C(M) 

and its mapping cone C(f') with the inclusion map e: C(M) — > C(f). We obtain 
an n-dimensional QAPC over Z[7Ti(X)] 

(C(f),e % MX}))- 

An example of a hyperquadratic structure on a chain complex coming from 
geometry is relegated to section 3. Now we present the relative versions of the 
above concepts. 

Definition 2.18. An (n+I)-dimensional symmetric algebraic pair over A is a chain 
map /: C — > D in B(A) together with an (n+ f )-dimensional cycle (Sip, ip) <E C(f % ). 
An (n+l)-dimcnsional quadratic algebraic pair over A is a chain map / : C — > D in 
B(A) together with an (n + l)-dimensional cycle (Sifj,tp) £ C(f%). 

Notice that an (n + l)-dimensional symmetric pair contains an n-dimensional 
symmetric complex (C, ip) and similarly an (n + l)-dimensional quadratic pair con- 
tains an n-dimensional quadratic complex (C,ip). The cycle condition translates 
into the relation between Sip and <p via the equation d(Sip) = (— l) n f % (ip). It is 
also helpful to define the evaluation map 

ev:C(/ % ) -> Rom A (D n+1 -*,C(f)) ev(8<p,<p) = : D n+1 -* -> C(f) 

and likewise in the quadratic case. 

Definition 2.19. An (n+I)-dimensional symmetric algebraic Poincare pair (SAPP) 
in A is a symmetric pair (/: C — > D, (Sip, ip)) such that 

is a chain equivalence. 

An (n + I)-dimensional quadratic algebraic Poincare pair (QAPP) in A is a 
quadratic pair (/: C — > D, (Sip, ip)) such that 

(l + T).(J^y.D^-*^C(f) 

is a chain equivalence. 

Construction 2.20. Let (X,Y) be a pair of topological spaces, and denote the 
inclusion i:Y — > X. By the naturality of the symmetric construction we obtain a 
chain map 

^.C(X,Y)^C(i % ) 

which is called the relative symmetric construction. 

If (X, Y) is an (n + l)-dimensional Poincare pair with the fundamental class 
[X] G C n +i(X,Y) then the evaluation 

evoip([X]):C m+1 -*(X) C(X,Y) 

is a chain homotopy equivalence. There also exists an equivariant version. 
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Construction 2.21. Let (X,A) and (Y, B) be pairs of pointed topological spaces 
and let 

Y. k A ► E fe B 

i 3 
H k X— ^->Y, k Y 

be a commutative diagram. Let df and / be maps defined analogous to the map 
/ in Construction 2.f6. There is a chain map, the relative quadratic construction, 

^:C(X,A)^C( J% ) 

such that (1 + T) • tp = (/, df) % tp — ip(f, 9/)*. Again, there is also an equivariant 
version. 

Construction 2.22. Let ((/, b), d(f, b)) : (M, N) -> (X, Y) be a degree one normal 
map of manifolds with boundary. Here we do not assume that the restriction of df 
on the boundary N is a homotopy equivalence. The ^-duality yields in this case 
the commutative diagrams 

T{v M )/T[v N ) ► T(v x )/T(vy) - Z k N+ 

i 3 

YT{v N ) > HT(l>y) Y, k X+ — -> E fc M+ 

We have two Umkehr maps df and /' and a commutative square 

3 k 

cw—^ci?) 

We obtain an (n + l)-dimensional QAPP 

{k:C(df)^C(f),(e,de)yMX})). 

The notion of a pair allows us to define the notion of a cobordism of structured 
chain complexes. 

Definition 2.23. A cobordism of n-dimensional SAPCs (C,<p),(C ,<p') in A is 
an (n + l)-dimcnsional SAPP in A 

((//'): C$C4E,(^peV)) 

A cobordism of n-dimensional QAPCs (C, ip), (C , ip') in A is an (n+l)-dimensional 
QAPP in A 

((//'): C(5C'^E, (^,^0-^)) 

There is a notion of a union of two adjoining cobordisms in A is defined in 
[Ran80a, section 3]. Using it one obtains transitivity for the cobordisms and hence 
an equivalence relation. 

Geometrically, one obtains a symmetric cobordism from a geometric Poincare 
triad and a quadratic cobordism from a degree one normal map of geometric 
Poincare triads. 

Recall the well-known fact that using Morse theory any geometric cobordism can 
be decomposed into elementary cobordisms which are in turn obtained via surgery. 
Although it has slightly different properties there exists an analogous notion of 
algebraic surgery which we now recall. For simplicity we will only discuss it in the 
symmetric case, although there is an analogous notion for quadratic complexes. 
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Construction 2.24. [Ran92, Definition 1.12] Let (C,ip) be an rt-dimensional 
symmetric complex. The data for an algebraic surgery on (C, <p) is an (n + 1)- 
dimensional symmetric pair (/: C — > D,(S<p,tp)) . The effect of the algebraic 
surgery on (C,p) using (/: C — > D, (5cp,(p)) is the n-dimensional symmetric com- 
plex (C',ip') defined by 

C" = S- 1 C(^) ) p' = E- l (e')*to>/¥>) 
Here the map e' is defined by the diagram 

EC" 




The symmetric structure on the pair / : C — > D defines a symmetric structure dip /ip 
on C(f) by the formula as in [Ran92, Proposition 1.15]. It is pushed forward by e' 
to an (n + l)-cycle of W % (Y,C) which turns out to have a preferred desuspension 
and so we obtain an n-cycle ip' . 

A geometric analogue is obtained from a cobordism W between closed manifolds 
M and M'. Then we have a diagram 



C(M) > C(W, M') 



' C(W, M U M') 



C(M') >C(W,M) 

where the chain complexes C(W, M') and C(W, M) are Poincare dual. 

Definition 2.25. Let (C, ip) be an n-dimensional SAC. The boundary of (C, <p) is 
the (n — l)-dimensional SAC obtained from surgery on the symmetric pair (0 — > 
C, (<p, 0)). The boundary is denoted <9(C, <p) = (dC, dip), with dC = E _1 C(^o) and 
<9^ = 5- 1 e % (v3), where e:C -> C(<p ). 

Here the geometric analogue arises from considering an rt-dimensional manifold 
with boundary, say (N,dN). Consider the chain complex C(N 7 dN) and its sus- 
pended dual C n ~* (N,dN). There is a symmetric structure on C(N,dN), which 
is not Poincare. However, there is the Poincare duality C n ~*(N,dN) ~ C(N). 
Thus the mapping cone of the duality map C' n ~*(N,dN) — s> C(N,dN) becomes 
homotopy equivalent to the mapping cone of the map C(N) — > C(N, dN) which is 
ZC{dN). 

Remark 2.26. Notice that an n-dimensional SAC is Poincare if and only if its 
boundary is contractiblc. 

We also have the following proposition which is proven in [Ran80a] by writing 
out the formulas. 

Proposition 2.27. [Ran80a, Proposition 4.1] Algebraic surgery preserves the ho- 
motopy type of the boundary of (C, ip) . In particular we have that 

(C,ip) is Poincare [C ,ip) is Poincare. 

An algebraic surgery on (C, <p) using (/: C —> D, (6<p, ip)) gives rise to a symmet- 
ric pair (/ /': C © C -> D', {Sip', ip ffi ip)) with D' = C(p f*)- If (C, ip) is Poincare 
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then, as noted above, (C, ip') is also Poincare, and in addition the pair is a cobor- 
dism. We remark that the data for algebraic surgery might not be a Poincare pair, 
in fact this is a typical case, since if it is a Poincare pair, then it already defines a 
null-cobordism of (C, ip) and hence C is contractible. 

The relationship between the algebraic cobordism and algebraic surgery turns 
out to be as follows: 

Proposition 2.28. [Ran80a, Proposition 4.1] The equivalence relation generated 
by surgery and homotopy equivalence is the same as the equivalence relation given 
by cobordism. 

Definition 2.29. [Ran80a, Proposition 3.2] 

The symmetric L-groups of an additive category with chain duality A are 

L n (A) := {cobordism classes of n-dimensional SAPCs in A} 

The quadratic L-groups an additive category with chain duality A arc 

L n (A) := {cobordism classes of n-dimensional QAPCs in A} 

The group operation is the direct sum of the structured chain complexes in both 
cases. The inverse of a SAPC (C, ip) is given by (C, —(f), and the inverse of a QAPC 
(C,ip) is given by (C, -ip). 

Remark 2.30. It is proven in [Ran80a, sections 5,6,7] for A = A(R), where R 
is a ring with involution, that the groups L n (A(R)) are isomorphic to the surgery 
obstruction groups L n (R) of Wall. Both symmetric and quadratic groups L n (A) 
and L n (A) are 4-periodic for any A [Ran92, Proposition 1.10]. 

Definition 2.31. Let A be an n-dimensional Poincare complex. The cobordism 
class of the n-dimensional SAPC obtained from any choice of the fundamental class 
[A] 6 C n (X) in Construction 2.15 does not depend on the choice of [X] and hence 
defines an element 

sign^^X) = [(C(X),<p([X}))} e L n (Z[7rx(X)]). 

called the symmetric signature of A. 11 If A is an oriented n-dimensional topological 
manifold, then the symmetric signature only depends on the oriented cobordism 
class of A, and so it provides us with a homomorphism 12 

sig4; i(x)] : ttf^KMA), 1)) -y L"(ZMA)]). 

Definition 2.32. Let (f,b):M — > X be a degree one normal map of Poincare 
complexes. The cobordism class of the n-dimensional QAPC obtained from any 
choice of the fundamental class [A] S C„(A) in Construction 2.17 does not depend 
on the choice of [A] and hence defines an element 

*ig°£MA:)](/>&) = [(C(/ ! ),e%^([A]))] e L n (Z[m(X)}) 

called the quadratic signature of the degree one normal map (/, 6). If M is an 
n-dimensional oriented manifold then the quadratic signature only depends on the 



The notation is somewhat premature, the symbol L* denotes the symmetric L-spectrum and 
will be defined later in section 7. Likewise in the quadratic case. 

12 If X is not a manifold we can still say that the symmetric signature only depends on the 
oriented cobordism class of X in the Poincare cobordism group f2„, but we will not need this 
point of view later 
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normal cobordism class of (/, b) in the set of normal invariants Af(X) and provides 
us with a function 13 

s\gn^ x)] :M{X) ^ LrXn^X)]). 

Remark 2.33. [Ran80b, Proposition 2.2] The symmetrization map (2.2) carries 
over to the L-groups as 

(l+T):L n (A) ->L n (A) 

and for 7r = 7Ti(A) we have 

(1 + T) sign^/, b) = sign^M) - sign^X). 

Remark 2.34. If M is a closed n-dimensional topological manifold then the qua- 
dratic signature from Definition 2.32 coincides with the classical surgery obstruction 
by the result of [Ran80b, Proposition 7.1]. 

Remark 2.35. Notice that we did not define a hyperquadratic version of the L- 
groups. In fact, hyperquadratic structures are useful when we have a fixed chain 
complex C and we study the relationship between the symmetric and quadratic 
structures on C via the sequence in Proposition 2.10. When comparing the sym- 
metric and quadratic L-groups, hence cobordism groups of complexes equipped 
with a symmetric and quadratic structure a new concept of an algebraic normal 
complex is needed. It is discussed in the next section. 

3. Normal complexes 

A geometric normal complex is a notion generalizing a geometric Poincare com- 
plex. It is motivated by the observation that although a Poincare complex is not 
necessarily locally Poincare, it is locally normal. On the other hand a manifold 
is also locally Poincare. Hence the question whether a Poincare complex can be 
modified within the homotopy type so that the locally normal structure becomes 
Poincare is central to our main problem. 

In this section we will recall the definition of an algebraic normal complex. In ad- 
dition we recall that cobordism groups of algebraic normal complexes, the so-called 
AL-groups, which measure the difference between the symmetric and quadratic 
L-groups. Another viewpoint on that same fact is that the quadratic L-groups 
measure the difference between the symmetric L-groups and the AL-groups. This 
will be crucially used in the proof of the Main Technical Theorem. 

The material from this section comes from [Ran92, section 2], [Wci85a, Wci85b] 
and [Ran81, sections 7.3 and 7.4]. 

Definition 3.1. An rt-dimensional geometric normal complex (GNC) is a triple 
(A, v, p) consisting of a space A with a /c-dimensional oriented spherical fibration v 
and a map p: S n+k — » Th.(u) to the Thorn space of v. 

The fundamental class of (A, u, p) is the n-dimensional homology class in H n (X) 
represented by the cycle [A] 6 C„(A) given by the formula [A] := u{v) fl h(p) 
where h is the Hurewicz homomorphism, and u(y) S C fc (Th(i/)) is some choice of 
the Thorn class of v. 

Note that the dimension of a GNC is the dimension of the source sphere of the 
map p minus the dimension of the spherical fibration. It does not necessarily have 
anything to do with a geometric dimension of A. Also the cap product with the 
fundamental class does not necessarily induce an isomorphism between cohomology 
and homology of A. 



Recall that for X an n-dimensional GPC the set of normal invariants if it is non-empty is a 
group with respect to the group structure given by the Whitney sum. The quadratic signature is 
NOT a homomorphism with respect to this group structure. 
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Example 3.2. Let X be an n-dimensional geometric Poincare complex (GPC) 
with the fundamental class [X] in the sense of Poincare duality. Then, for k large 
enough, the space X has the Spivak normal fibration (SNF) vx ■ X — > BSG(fc), 
which has the property that there is a map px '■ S n+k — > Th(v x ) such that 

[X] = u(v x )nh{p x )€H n (X). 

Thus we get an n-dimensional geometric normal complex (X, vx,Px) with the 
fundamental class equal to the fundamental class in the sense of Poincare duality. 

Some properties of normal complexes can be stated in terms of the S-duality 
from stable homotopy theory. For pointed spaces X, Y the symbol [X, Y] denotes 
the abelian group of stable homotopy classes of stable pointed maps from X to 
Y. Here, for simplicity, we confine ourselves to a non-equivariant S-duality. An 
equivariant version, which is indeed needed for our purposes is presented in detail 
in [Ran80a, section 3]. 

Definition 3.3. Let X,Y be pointed spaces. A map a: S — > X A Y is an TV- 
dimensional S-duality map if the slant product maps 

a m {[S N ])\^: C(X) N -* -> C{Y) and a-flS"])^ C{Y) N ~* -> C(X) 
are chain equivalences. We say the spaces X, Y are S-dual. 

Example 3.4. Let X be an n-dimcnsional GPC with the /e-dimensional SNF 
Vx'-X — > BSG(fc). Then T\\(v x ) is an (n + fc)-dimensional S-dual to X + . 

Proposition 3.5. The S-duality satisfies: 

(1) For every finite CW-complex X there exists an N-dimensional S-dual, which 
we denote X* , for some large N > 1. 

(2) If X* is an N-dimensional S-dual of X then Y>X* is an (N +1)- dimensional 
S-dual of X . 

(3) For any space Z we have isomorphisms 

S: [X, Z] S [S N , Z AY] 7 H- S( 7 ) = (7 A idy) o a, 
S:[Y,Z] S [S N ,X AZ] 7 ^ S( 7 ) = (id x A 7) o a. 

(4) A map f : X — > Y induces a map f* : Y* — > X* for N large enough via the 
isomorphism 

[X,Y] = [S N , Y A X*] = [Y*,X*]. 

(5) If X — > Y — > Z is a cofibration sequence then Z* Y* — > X* is a 
cofibration sequence for N large enough. 

The S-dual is also unique in some sense. In fact the assignment X t— > X* can be 
made into a functor in an appropriate stable homotopy category. As this requires 
a certain amount of technicalities and we do not really need it, we skip this aspect. 
The reader can find the details for example in [Ada74]. 

Now we present a generalization of Example 3.4. 

Construction 3.6. Let (X, v, p) be an n-dimensional GNC. Let V be the mapping 
cylinder of the projection map of v with dV being the total space of the spherical 
fibration v. Then we have the generalized diagonal map 

V a V x V 

A : Th(i/) ~ ^- ~ Th(v) A X+ 

K ' dV V x dV v ' + 

where A is the actual diagonal map. Consider the composite 

S n+k Th (^) Th (^) A X+ . 
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By Proposition 3.5 part (1) we have an S-duality map S — > Th(u) A Th(V)* for 
N large enough. Setting p = N — (n + k) we obtain from part (3) the one-to-one 
correspondence : 

S^ 1 : [S n+k , Th(z/) A X + ] S [Th(v)*, Z P X+} 

Ao p^T x :=S _1 (Aop). 

Moreover, we obtain the following homotopy commutative diagram in which jx is 
the chain map induced by Tx- 

C{X) n -* ~ U " (y) ) C{Th{v)) n+k -* C(Th(v)*) p+ * 
(3-1) -n[x]j l-rx 

C(X) = C(X + ) > C{^X + ) P+ * 

If X is Poincare then p can be chosen to be and the maps Tx and "fx the identity. 
Hence the Poincare duality is seen as the composition of the Thorn isomorphism 
for the SNF and the S-duality. 

Now we turn to algebraic normal complexes. As a first step we discuss the 
following notion which is an algebraic analogue of a spherical fibration. 

Definition 3.7. Let C be a chain complex over an additive category with chain 
duality A. A chain bundle over C is a 0-dimensional cycle 7 in W % (TC). 

Construction 3.8. Let X be a finite CW-complex and let v.X — > BSG(fc) be a 
/c-dimensional spherical fibration over X. The Thorn space Th(^) is also a finite 
CW-complex and hence has an TV-dimensional S-dual Th(i/)* for some N. The 
hyperquadratic construction is the chain map given by the following composition: 

~ , S-duality 

7„ : C fe (Th(j/)) ► CW_ fc (Th(i/)*) 



S-duality 



->W % (C(Th(v)*)) N - k 
■*W % (C(Th(v)) N -*) N . h 



Tho 



-> w % (c(x) N - k -*) N _ k 

+ W % (C(X) N - k -*) N _ k 



s -(N-k) 



^W^(C(X)-*)o 

Given a choice of the Thorn class u(v) S C fc (Th(j/)), the cycle ^/ v {u{i/)) becomes 
a chain bundle over C{X). An equivariant version produces a chain bundle over 

{C{X), lv {u{v))) 

Now we can define an algebraic analogue of a geometric normal complex. 

Definition 3.9. An n- dimensional normal algebraic complex (NAC) in A is a pair 
(C, 6) where 9 is a triple ((p, 7, x) sucn that 

- (C, ip) is an rt-dimensional SAC 

- 7 G (W % (TC)) is a chain bundle over C 

- X G (W % (C)) n+1 satisfies d x = J{(p) ~ (fio) % (S n j). 

As we indicate below in the geometric example the third condition is a conse- 
quence of the homotopy commutativity of the diagram (3.1) and as such can be 
seen as a generalization of the equation in Example 3.2. Notice that there is no 
requirement on tpo being a chain equivalence, that means normal complexes are 
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in no sense Poincare. Now we indicate the normal construction which to an n- 
dimensional GNC functorially associates an n-dimensional NAC. The full details 
are somewhat complicated, the reader can find them in [Wei85a, Wei85b] . 

Construction 3.10. Let (X, v, p) be an n-dimensional GNC with a choice of the 
Thorn class u{v) G C'(Th(^)) whose associated fundamental class is denoted [X]. 
We would like to associate to it an ?i-dimensional NAC over Z[ttiX]. We start with 

- C= C(X) 

- = 

7 = ^ v {u{v)) 

Now we will only show that an element x with required properties exists. In other 
words we show that J(<p) = (Jp~i) % (S n j) in Q n (C(X)). Consider in our case the 
symmetric construction, the hyperquadratic construction and the diagram (3.1). 
We obtain the following commutative diagram: 



H n (X)- 




->Q"(C(X)). 



- >Q n (C(X))< 



i (c n -*(x)) 




H k (Th(v)) > H n+P (T,PX) — =— > Q n +P{C{TP + X)) — ^ Q n +P(C(S p + X)) i Q n +P{C n +P'* (X)) 

Thorn 

S-dual^ 

H n+p (Th{v)*) Q"+P(C(Th(u)*)) -A Q n +P(C(Th(u)*)) — > Q™+P(C N -*(Th(v))) 

The commutativity of the upper left part follows from the basic properties of 
the symmetric construction. The commutativity of the lower left part follows from 
the existence of the map Tx and naturality of the symmetric construction. The 
commutativity of the right part follows from the commutativity of the diagram 
(3-1). 

As mentioned above, the construction can be made sufficiently functorial, that 
means there is a preferred choice of x- We obtain an n-dimensional NAC over 
Zbri(X)] 

(C(X), %(„))). 

As in the previous section, we also need to discuss the relative versions. 

Definition 3.11. An (n + l)-dimensional geometric normal pair (GNP) is a triple 
((X, Y),v, p) consisting of a pair of spaces (X, Y) with a fc-dimensional spherical 
fibration v.X -> BSG(fe) and a map p: (D n+1+k , S n+k ) -)• (Th(u), Th(z/|y)). 

The fundamental class of the normal pair ((X, Y), v, p) is the (n + l)-dimensional 
homology class represented by the cycle [X, Y] £ C n (X, Y) given by the for- 
mula [X, Y] := u(v) (~l h(p) where h is the Hurewicz homomorphism, and u(u) G 
C fc (Th(^)) is some choice of the Thorn class of v. 

A geometric normal cobordism between two n-dimcnsional GNCs (A, v, p) and 
(A', v' , p') is an (n + l)-dimensional normal pair ((Z, X\JX'), v" , p") which restricts 
accordingly over X and X' . 

The normal cobordism group il^ (K) is defined as the abelian group of normal 
cobordism classes of n-dimensional GNCs with a reference map r : X — >• K and with 
the group operation given by the disjoint union operation. 

Notice that in the above setting, the triple (Y,v\y , p\s™+ k ) is an n-dimensional 
GNC. The relative algebraic analogues come next. 

Definition 3.12. A map of chain bundles {f,b): (C, 7) — > (C',j') in A is a map 
/: C — > C of chain complexes in IB (A) together with a chain b G W % {TC)\ such 
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that 

d{b) = T /o (i)-i£W % (TC) 

Definition 3.13. An (n + l)-dimensional normal pair (f:C — > D,(S9,9)) in A 
is an (n + l)-dimensional symmetric pair (f : C — > D,(5ip,<p)) together with a 
map of chain bundles (/, b):(C, 7) — > (D,5~/) and chains \ G W % (C) n+ \ and 
S X G W % (D) n+2 such that 

J(^)-(^) % (5" 7 ) = dxe^ % (C)„ 

J{6<p) - ^ % (5 n+1 <5 7 ) + /*(* ~ $l°{S n b)) = d(5 x ) G T? % (D)„+i 

where we abbreviate {58,9) for ((<fy>, ^7, 5x), (</5,7,x))- 

Again notice that in the above setting (C, 9) is an n-dimensional NAC. 

Definition 3.14. A normal cobordism between normal complexes (C, 9) and (C, 0') 
is a normal pair ((/ f):C@C -> £>, (<50, © -0')). 

The direct sum operation is defined analogously to the direct sum for the sym- 
metric and quadratic complexes. Also there is a notion of a union of adjoining 
normal cobordisms and we obtain an equivalence relation. Again notice that a 
cobordism of normal complexes is in no sense a Poincare pair. 

There exists a relative normal construction. It associates to an (n+l)-dimensional 
geometric normal pair an (n + l)-dimensional algebraic normal pair in a functorial 
way. An (n + l)-dimensional geometric normal cobordism induces an (n + 1)- 
dimensional algebraic normal cobordism in this way. These constructions are quite 
complicated and therefore we again refer at this place to [Wei85b, section 7], 

Now we are ready to define the iVL-groups, alias normal L-groups. 

Definition 3.15. The normal L- groups of an additive category with chain duality 
A are 

NL n (A) := {normal cobordism classes of n-dimensional NACs in A}. 

Definition 3.16. Let (X,u,p) be an n-dimensional GNC. The cobordism class 
of the n-dimensional NAC obtained from any choice of the Thorn class u(v) g 
C fe (Th(^)) in Construction 3.10 does not depend on the choice of u(y) and hence 
defines an element 

sign^; (x)] pO = [(C(X),9(u(u)))} e NL n (Z[m(X)\) 

called the normal signature of (X, u, p). 

In fact the element sign^E^/jni (X) only depends on the normal cobordism class 
of (X, v, p) and hence we obtain a homomorphism 

sign^; (x)] : n» (K(ni(X), 1) -> NL^Z^X)}). 

See also Remark 3.23 for a note on the notation. 

Now we discuss the relation between the groups L n (A), L n (A) and NL n (A). The 
details can be found in [Ran92, section 2] and [Wei85b, Wei85b]. Here we confine 
ourselves to the main ideas. We start with a lemma. 

Lemma 3.17. [Ran92, Proposition 2.6 (i)] Let (C,<p) be an n-dimensional SAC. 
Then {C,tp) can be extended to a normal complex (C, <p,7, X) if an d only if the 
boundary (dC, dtp) has a quadratic refinement. 
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Proof. Consider the following long exact sequences 

► Q n -i{dC) Q n -\dC) — Q n -\dC) ► ■ • • 

S I S 

> Q n (C n ~*) V ° > Q n {C) — > Q n (C(ip )) ► ■ ■ ■ 

We have dip = S^ 1 {e % {ip)) G Q n ~ x {dC). A diagram chase (using a slightly larger 
diagram than the one above) gives the equation 

e % (J(ip)) = S(J(dip)) G Q n (C(ip )). 

It follows that dip has a preimage in Q n _i(9C), that means a quadratic refinement, 
if and only if J(ip) has a preimage in Q n {C n ~*) = Q°(C~*), that means a chain 
bundle whose suspension maps to J(<p) via (ipo)^ , in other words there is a normal 
structure refining ip. □ 

The lemma can be improved so that one obtains a one-to-one correspondence be- 
tween the normal structures extending (C, ip) and quadratic refinements of (dC, dip), 
the details are to be found in [Wei85b, sections 4,5]. 

Construction 3.18. [Ran92, Definition 2.9] The map 

8:NL n (A) (A) d(C,ip,j,x) = (8C,dil>) 

is defined so that dip is the quadratic refinement of dip described in Lemma 3.17. 

Lemma 3.19. [Ran92, Proposition 2.6 (ii)] There is a one-to-one correspondence 
between the homotopy classes of n- dimensional SAPCs and the homotopy classes 
n- dimensional NACs such that ipo is a chain homotopy equivalence. 

Proof. Let (C, ip) be an n-dimensional SAPC in A so that ipo : S™TC — > C is a chain 
homotopy equivalence. One can associate a normal structure to (C, ip) as follows. 
The chain bundle 7 G W % (TC) is the image of ip G W % (C) n under 

w % {C) n A t? % (c)„ ( ^ %rl > t? % (S"rC)„ ^ % (TC) . 

The chain x G W % (C) n +i comes from the chain homotopy (</?o % )°(<^o % ) 1 — 1. □ 

Construction 3.20. [Ran92, Proposition 2.6 (ii)] The map 

J:L n (A)^NL n (A) J(C, <p) = (C, if, 7, X) 

is constructed using the above Lemma 3.19. 

The maps we just described in fact fit into a long exact sequence. 

Proposition 3.21. [Ran92, Definition 2.10, Proposition 2.8] [Wei85b, Example 
6.7] Let A be an additive category with chain duality. Then there is a long exact 
sequence 

> L n (A) L n (A) — ^ NL n (A) — ^ L n _i(A) > ■ ■ • 

Sketch of proof . In [Ran81, chapter 2] Ranicki defines the concept of a triad of 
structured chain complexes and shows that one can define a cobordism group of 
pairs of structured chain complexes, where the structure on the boundary is some 
refinement of the structure inherited from the pair. Such cobordism groups then 
fit into a corresponding long exact sequence. The whole setup is analogous to the 
definition of relative cobordism groups for a pair of spaces and the associated long 
exact sequence. 

In our special case we consider the map J: L n (A) — > NL n (A). So the n-th rela- 
tive group is the cobordism group of n-dimensional (normal, symmetric Poincare) 
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pairs, that means we have a normal pair / : C — > D such that the symmetric 
structure on C is Poincare. This together with the following lemma establish the 
proposition. □ 

Lemma 3.22. [Ran92, Proposition 2.8 (ii)] Let A be an additive category with 
chain duality. There is a one-to-one correspondence between the cobordism classes 
of n- dimensional (normal, symmetric Poincare) pairs in A and the cobordism classes 
of (n — 1) -dimensional QAPCs in A. 

Sketch of proof . Let (/:C — > D,(59,9)) be an n-dimensional (normal, symmet- 
ric Poincare) pair in A. In particular we have an n-dimensional symmetric pair 
(/: C — > D, (5<f,if)), which we can use as data for an algebraic surgery on the 
{n— l)-dimensional SAPC (C, if). The effect (C, if') is again an (n— l)-dimensional 
SAPC. It turns out to have a quadratic refinement, by a generalization of the proof 
of Lemma 3.17 (the lemma is a special case when /:0 — > C). The assignment 
(f:C—}D, (69,9)) M> (C',dip') turns out to induce a one-to-one correspondence 
on cobordism classes. □ 

Remark 3.23. Proposition 3.21 provides us with an isomorphism between the 
groups NL n (A) and the groups L n (A) defined in [Ran81] and used in [Ran79]. 

3.1. The quadratic boundary of a GNC. In this subsection we study in more 
detail the passage from a GNC to the boundary of its associated NAC. This means 
that from an n-dimensional GNC we pass to an (n — l)-dimensional QAPC. The 
construction was described in [Ran81, section 7.4] even before the invention of NAC 
in [Wei85a, Wei85b] . It will be useful for geometric applications in later sections. 

Before we start we need more basic technology. First we describe the spectral 
quadratic construction: 

Construction 3.24. Let F : X — > YPY be a map between pointed spaces (a map 
of this shape is called a semi-stable map) inducing the chain map 

f-.c(x) p+ * — > c(£ p y) p+ * ~ con 

The spectral quadratic construction on F is a chain map 

*:C(X) P+ * — >W % (C(/)) 

such that 



(1 + T) o * = e % o if o / 



where if: C(Y) — > W °(C(Y)) is the symmetric construction on Y and e: C(Y) — > 
C(f) is the inclusion map. The existence of can be read off the following com- 
mutative diagram in which the lower horizontal sequence is exact by Remark 2.14 
and the right vertical sequence is exact by Proposition 2.10 



H n + p (X) 



H n + p (X) 





>H n+p (ZPY)±- 



H n {Y) 



Qn(C(/)) 



1+T 



Q n +P(C(X)) Q n +P{C(Y.PY)) Q n (C{Y)) Q n (C{f)) 





(E-PC(A)) ► Q n (C(Y)) > Q n (C{f)) 
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The spectral quadratic construction ^ on F has the property that if X = T, p Xq 
for some Xq then it coincides with the quadratic construction on F as presented in 
Construction 2.16 composed with e%. 

Recall that we have already encountered the semi-stable map Ty coming from 
an 7J-GNC (Y, vy, Py) in Construction 3.6. The spectral quadratic construction on 
Ty is identified below. 

Construction 3.25. See [Ran81, Proposition 7.4.1] and [Wei85b, Theorem 7.1]. 
Let Ty : Th(isy)* — > YPY + be the semi-stable map obtained in Construction 3.6 and 
let jy : C(Th(^y)*)» +p — > C{Y) denote the induced map. Recall diagram (3.1) in 
Construction 3.6 which identifies 

C((p ) C(jy) 

via the Thorn isomorphism and S'-duality. The spectral quadratic construction on 
the map Ty produces a quadratic structure 

*(u(i*)*) G W%C{ lY ) n 
where u(vy)* denotes the 5-dual of the Thorn class of vy. We also have 

(1 + T) o *(«(!*)*) = e % (<fi([Y})) d ^ S(d<p([Y})) 
From the cofibration sequence of chain complexes (with C — dC{Y)): 
( 1+T ) 

ZW%(C) V S ') EW % (C) ® W%(ZC') (1+T) ) W % {ZC') 

we see that there exists a ip(Y) € (W%(dC (Y))) n _±, unique up to equivalence, such 
that (1 + T)ip{Y) ~ 9<^([F]). Hence we obtain an (n — l)-dimensional QAPC over 
Z giving an element 

[(9C(Y),V(F))] ei„_i(Z). 
Recall from Construction 3.10 that for any geometric normal complex (Y, vy, py) 
there is defined an n-dimensional NAC sign NL (Y) over Z, which, as such, has a 
quadratic boundary 

5sign NL, (y) = [(C',^')]ei„-i(Z) 

defined via Lemma 3.17. Inspecting the definitions we see that C ~ dC(Y) and 
further inspection of commutative diagrams defining the respective quadratic struc- 
tures shows that ip(Y) and ip' are equivalent. 

Example 3.26. See [Ran92, Remark 2.16], [Ran81, Proposition 7.4.1] and [Wei85b, 
Theorem 7.1]. Recall from the sketch proof of Lemma 3.22 that there is an equiv- 
alence between cobordism classes of n-dimensional algebraic (normal, symmetric 
Poincare) pairs and cobordism classes of (n — l)-dimensional QAPCs, and that, in 
the special case that the boundary in the pair we start with is the construction 
giving the equivalence specializes to the construction of the quadratic boundary of 
a normal complex. 

In Construction 3.25 it is shown how the spectral quadratic construction can 
be used to construct the quadratic boundary when we have a geometric normal 
complex as input. In this example it is shown how the equivalence of Lemma 3.22 
can be realized using the spectral quadratic construction when we have a degree one 
normal map of Poincare complexes as input. In that case the mapping cylinder of 
the map gives a normal pair, with Poincare boundary. Furthermore, it is shown that 
the quadratic complex obtained in this way coincides with the surgery obstruction 
associated to the degree one normal map. This is crucially used in the proof of part 
(i) of the Main technical theorem (see proof of Theorem 13.7). 
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Let (/, b): M — > X be a degree one normal map of n-GPC. Denote by i>Mi vx the 
respective SNFs. We form the (n + l)-dimensional geometric (normal, Poincare) 
pair 

({W, M U X), (v w ,vmux), (pw,Pmux)) 

with W = cyl(/). The symbol v\y denotes the /c-spherical fibration over W induced 
by b and 

(pw,PMux):(D n+1+k ,S n+k ) -)■ (Th(^),Th(^ M U v x )) 

is the map induced by pu and px- Denote j : M U X W, ju-M W, 
and jx ■ X <-» W the inclusions, by pr x -.W^X the projection which is also a 
homotopy inverse to jx and observe that / = pr x o j'^f . 
Now we describe the passage 

(3.2) Lemma 3.22: (sign NL * (WO, sign L * (Af) -sign L '(X)) i-4 [(C',V')]- 

According to the proof of Lemma 3.22 the underlying chain complex C" is ob- 
tained by algebraic surgery on the (n + l)-dimensional symmetric pair 

This is just the desuspension of the mapping cone of the 'want to be' Poincare 
duality map 

( Stpo , \ 

C = S- l C(C n+1 -*{W) AJ^L4 C(W, M U X)) 

If we want to use the spectral quadratic construction we need a semi-stable map 
inducing the map in the above display. Consider the map 

S N pWpjjux > Th(v w )/Th(v M ux) A TP{W/{M U X)) A Th(^) 
which has an S-dual 

T w : Th(v w )* ->• TP{W/{M U X)) 
which in turn induces a map of chain complexes 

lw :C* +p (Th(v w y ) -> C4W/(M U X)) 

The map jw coincides with the map ( J under Thorn isomorphism and S- 
duality (by a relative version of Diagram 3.1, see also section 14). 
The spectral quadratic construction on rV 

*:C n+1+p (Th(v w )*) -> W%{C( lw )) n+1 

produces from the dual of the Thorn class u(v\y)* G C l „+i+ p (Th(^vi/)*) an (n+ 1)- 
dimensional quadratic structure on C(jw) which has a desuspension unique up to 
equivalence and that is our desired ip' such that 

The construction just described comes from [Ran81, Proposition 7.4.1]. By 
[Wei85b, Proof of Theorem 7.1] we obtain that (3.2) holds. 

Now recall from Definition 2.32 that we have an another way of assigning n- 
dimensional quadratic Poincare complex to (/,&), namely the surgery obstruction 
sign L '(/,6) GL n (Z). 

We claim that 

[(<?', V>')]=sign L -(/, 6) eL„(Z) 
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The following commutative diagram identifies C ~ C(f'): 



(3.3) 




(W) - iC{W, M U X) 



J M 



n + 1 — * 



(M) „ ) C(EM) 



<(X) 



S(f') 



-s-C(EA) 



To identify the quadratic structures recall first that the spectral quadratic con- 
struction lona semi-stable map F is the same as the quadratic construction ip 
composed with e% if the semi-stable map F : X — > YPY is in fact a stable map 
F = £ p Aq = X — > YPY . Furthermore the homotopy equivalence jx and the S- 
duality are used to show that Diagram 3.3 is induced by the commutative diagram 
of maps of spaces as follows: 



Th(v w ) 



■+YP(W/(M\JX)) 



(3.4) 



T(pr x )* 




T(jm) 



Th(i/ M ) 



-4 EP +1 M 4 



T(6)* 



-4 EP +1 X: 



which identifies F and Tyy- 

The Thorn class u(vw) restricts to u(vx) and hence the duals u(vw)* and 
u(vx)* = ^[X] are also identified. The uniqueness of desuspensions gives the 
identification of the equivalence classes of the quadratic structures 



4. Algebraic bordism categories and exact sequences 

In previous sections we recalled the notions of certain structured chain complexes 
over an additive category with chain duality A and corresponding L-groups. In this 
section we review a generalization where the category we work with is an algebraic 
bordism category. This eventually allows us to vary A and we also obtain certain 
localization sequences. 

Definition 4.1. An algebraic bordism category A = (A, B, C, (T, e)) consists of an 
additive category with chain duality (A, (T, e)), a full subcategory B C B(A) and 
another full subcategory C C B closed under taking cones. 

Definition 4.2. Let A = (A,B,C, (T, e)) be an algebraic bordism category. 

An n- dimensional symmetric algebraic complex in A is a pair (C, if) where C £ B 
and ip G (W % C) n is an n-cycle such that dC = T,- 1 C{ip Q : T, n TC -> C) £ C. 

An (n + 1)- dimensional symmetric algebraic pair in A is a pair 
(/ : C —> D, (Sip, f)) in A where / : C — >• D is a chain map with C, D £ B, the pair 
(Sip, tp) £ C(/ % ) is an (n + 1) -cycle and C(6<p , <p f*) £ C. 

A cobordism between two n-dimensional symmetric algebraic complexes (C, <p) 
and (C, <p') in A is an (n-fl)-dimensional symmetric pair (C©C — > D 7 ((5-0, <p(B— ip') 
in A. 
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So informally these are complexes, pairs and cobordisms of chain complexes 
which are in B and which are Poincare modulo C. There are analogous definitions 
in quadratic and normal case. The L-groups are generalized to this setting as 
follows. 

Definition 4.3. The symmetric, quadratic, and normal L-groups 

L"(A), L„(A) and NL n (A) 

are defined as the cobordism groups of n-dimensional symmetric, quadratic, and 
normal algebraic complexes in A respectively. 

Example 4.4. Let R be a ring with involution. By 

A(R) = (A(R),M(R), C(R), (T, e)) 
is denoted the algebraic bordism category with 

A(R) the category of i?-modules from Example 2.2, 
B(i?) the bounded chain complexes in A(R), 
C(i?) the contractible chain complexes of M(R). 
We also consider the algebraic bordism category 

A(R) = (A(R) , B (R) , B (R) , (T, e) ) . 

The L-groups of section 2 and the L-groups of Definition 4.3 are related by 

L n (R) Si L n (A(R)) and L n (R) = L„(A(i?)). 

For the iVL-groups of section 3 we have: 

NL n (R) Si NL n (A(R)) and L n (R) Si NL n (A(R)). 

The second isomorphism is due to Lemma 3.19. 

The notion of a functor of algebraic bordism categories 

F : A = (A, B, C) -> A' = (A', B', C) 

is defined in [Ran92, Definition 3.7]. Any such functor induces a map of L-groups. 

Proposition 4.5. [Ran92, Prop. 3.8] For a functor F : A —> A' of algebraic 
bordism categories there are relative L-groups L n (F), L n (F) and NL n (F) which fit 
into the long exact sequences 

. . . -> L n (A) -> L„(A') -> L n (F) -> L„_i(A) 

. . . -> L n (A) -> L n (A') -> L n {F) -> L"- 1 (A) 

. . . -»• A^L"(A) -»• NL n (A') -> NL n (F) -> A/'L™ _1 (A) 

These exact sequences are produced by the technology of [Ran81, chapter 2] 
already mentioned in the previous section. An element in L n (F) is an (n — 1)- 
dimensional quadratic complex (C, in A together with an n-dimensional qua- 
dratic pair (F(C) — > D, (Sip, F(ip))) in A'. There is a notion of a cobordism of such 
pairs and the group L n (F) is defined as such a cobordism group. Analogously in 
the symmetric and normal case. 

The following proposition improves the above statement in the sense that the 
relative terms are given as cobordism groups of complexes rather than pairs. 

Proposition 4.6. [Ran92, Prop. 3.9] Let A be an additive category with chain 
duality and let D C C C B C B(A) be subcategories closed under taking cones. The 
relative symmetric L-groups for the inclusion F : (A, B, D) — > (A, B, C) are given by 

(i) L n (F) Si L n - 1 (k,<C,0) 
and in the quadratic and normal case by 
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(ii) L n (F) S* ^(A.C.D) = NL n (F). 

Part (ii) of the proposition allows us to produce interesting relations between 
the long exact sequences for various inclusions combining the quadratic L n -groups 
and the normal iVX n -groups. In the following commutative braid we have 4 such 
sequences. Sequence (1) is given by the inclusion (A,B,B) — > (A, B, C) in the 
quadratic theory, sequence (2) by the inclusion (A,B,1B) — > (A, B, C), sequence (3) 
by the inclusion (A, B, C) — > (A, B, B), and sequence (4) by the inclusion (A, B, D) — > 
(A, B, B), all last three in the normal theory: 




Comments on the proof Proposition 4-6. Recall that an element in L n (F) is an 
(n — l)-dimcnsional quadratic complex (C,ip) in (A, B,ED) together with an n- 
dimcnsional quadratic pair (C — > D, (Sip, ip)) in (A, B, C). The isomorphism L n (F) = 
L„_i(A, C,D) is given by 

((C,4>),C^D,(8rl>,il>))^(C',4>') 

where (C , ip') is the effect of algebraic surgery on (C, ip) using as data the pair (C — ?> 
D, (5ip,ip)). We have C G C since C D is Poincare modulo C. Furthermore, 
the observation that (C',ip') is Poincare modulo D follows from the assumption 
that (C,ip) is Poincare modulo D and from Proposition 2.27 which says that the 
homotopy type of the boundary is preserved by algebraic surgery. 
The inverse map is given by 

(C,v>)^((c,v0,c^o,(o,v>)). 

Similarly for NL n (F) S i n _i(C,D). Consider ((C, 9), C -5- D, (69, 9)) e NL n (F) 
and perform algebraic surgery on (C,9) with data (C — > D, (89,9)). We obtain an 
(n — l)-dimensional symmetric complex in C which is Poincare modulo ED. Us- 
ing [Ran92, 2.8(h)] we see that the symmetric structure has a quadratic refine- 
ment. □ 

Example 4.7. Let R be a ring with involution and consider the inclusion of the 
algebraic bordism categories A(i?) — > A(R) from Example 4.4. Then the long exact 
sequence of the associated iVL-groups (sequence (3) in the diagram above) becomes 
the long exact sequence of Proposition 3.21, thanks to Lemma 3.19. 

5. Categories over complexes 

In this section we recall the setup for studying local Poincare duality over a 
locally finite simplicial complex K. For a simplex a 6 K we will use the notion of 
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a dual cell D(a, if) which is a certain subcomplex of the barycentric subdivision 
if', see [Ran92, Remark 4.10] for the definition if needed. 1 

Observe first that there are two types of such a local duality for a triangulated 
n-manifold if. 

(1) Each simplex a of if is a |<r| -dimensional manifold with boundary and so 
there is a duality between C*(cr, da) and C' <t ' _ *((t) 

(2) Each dual cell D(a,K) is an (n — \a\)- 
dimensional manifold with boundary and 
so there is a duality between the chain 
complexes C r (D(a 7 K) 7 3D(a,K)) and 
C n -\°\-*(D(a,K)) 




This observation leads to two notions of additive categories with chain duality 
over if. 

Definition 5.1. Let A be an additive category with chain duality and if as above. 
The additive categories of if-based objects A* (if) and A* (if) are defined by 
Obj(A*(if )) = Obj(A*(if)) = {J2 aeK M a | M a e A}, 

(1) Mor(A*(if)) = 

{ E fr,a ■■ E M a -> £ N T I (/ TjCT : M a -> 7V r ) 6 Mor(A)} 

cr>r CTG-ftT rS-R" 

(2) Mor(A*(if)) = 

{ E U,a ■ E M a ->• E J^t I (/ T , CT : M CT -y 7V r ) e Mor(A)} 

cr<r a£K t£K 

A chain complex (C, <i) over A* (If), respectively A* (if), consists of chain com- 
plexes (C '(a) , d(a)) for each <r £ if and additional boundary maps d(cr, r) : C(cr)* — > 
C(r)*_i for each r < cr, respectively <r < r. 

Example 5.2. The simplicial chain complex C — A (if) is a chain complex in 
B(A*(if)), by defining C(a) := A(a,3cr) = ffMz. 

The simplicial chain complex C = A(if') of the barycentric subdivision if' is a 
chain complex in B(A*(if)) by C{&) = A(D(<r), 3D (a)). 

The picture depicts the simple case of the simplicial chain complex A* (A 1 ) as a 
chain complex in A(Z)*(A 1 ): 




Note that in general the dual cell D(a, K) is not a "cell" in the sense that it is not homeo- 
morphic to D l for any I. Nevertheless the terminology is used in [Ran92] and we keep it. 
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Now we recall the extension of the chain duality from A to the two new categories. 
Definition 5.3. 

>(K)), T*(Y^ M a )) r {r) = (T(0M f )) r _ H , 



T* : A*(K) 
T* : A*(JT) 



M Mr) = (T(0M f )) r+ | r 



ct6K 



r <r 



Example 5.4. The dual T*(C) of the simplicial chain complex C = A(if) is a 
chain complex in M(A*(K)) given by (T*C)(<t) = A^~*(a), 

The dual T*C of the simplicial chain complex C = A(if') of the barycentric sub- 
division K' is a chain complex in M(A*(K)) given by (T*C)((t) = A"I <t I"*(D(ct)). 



In the example when if is a triangulated manifold recall that the chain duality 
functor T* on A* (K) is supposed to encode the local Poincare duality of all simplices 
of K . But the dimensions of these local Poincare dualities vary with the dimension 
of the simplices and we have to deal with the boundaries. So the dimension shift 
in the above formula comes from the varying dimensions and the direct sum comes 
from "dealing with the boundary". In the example C = A* (A 1 ) we obtain the 
following picture 



A„(<TO,0(TO) A,(t,9t) A»(<7i,ao-i) A*( CT0 ) A*(t) A*(oi) 

<P0 



Ci : 



Co 









■■ (T*C)i 
: (T*C)o 



0- '0 : (T*C)_i 

In A* (if) the role of simplices is replaced by the dual cells and so the formulas are 
changed accordingly. 

The additive categories with chain duality A* (K) and A* (K) can be made into 
algebraic bordism categories in various ways yielding chain complexes with various 
types of Poincare duality. Now we introduce the local duality, in the next section 
we will have the global duality. 

Proposition 5.5. Let A = (A, B, C) be an algebraic bordism category and K a 
locally finite simplicial complex. Then the triples 

A*(K) = (A*(K),M*{K),C*(K)) A*(X) = (A*(X ), M,(K ), C*(K )) 

where W{K), B*(K), (C*(K), C*(K)) are the full subcategories ofM(A*(K)), 
respectively M(A*(K)), consisting of the chain complexes C such that C(a) G B 
(C(cr) G C) for all a 6 K are algebraic bordism categories. 

See [Ran92, Proposition 5.1] for the proof. We remark that other useful algebraic 
bordism categories associated to A and K will be defined in Definitions 6.4 and 8.15. 

Proposition 5.6. Let A = (A,B,C) be an algebraic bordism category and let 
f ': J — > K be a simplicial map. Then f induces contravariantly (covariantly) a 
covariant functor of algebraic bordism categories 

f*:A*(K)^A*(J) (/„:A*(J)^A*(iq). 

See [Ran92, Proposition 5.6]. A consequence is that we obtain induced maps on 
the L-groups as well, which we do not write down explicitly at this stage. 
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Now we present constructions over the category A(Z)*(K) analogous to the 
symmetric and quadratic construction in section 2. Examples of chain complexes 
over A(Z)*(K) were already presented in Examples 5.2 and 5.4. The underlying 
chain complexes below are generalizations of those. We will write X*(K) as short 
for A(Z)*(K) and Z*(JT) as short for A(Z)*(K). 

Construction 5.7. Consider a topological fc-ad (X, (d a X) a( z A k) and the subcom- 
plex of the singular chain complex C(X) consisting of simplices which respect the 
fc-ad structure in a sense that each singular simplex is contained in d a X for some 
a E A fe . By a Mayer- Vietoris type argument this chain complex is chain homo- 
topy equivalent to C(X) and by abuse of notation we still denote it C(X). It 
becomes a chain complex over Z*(A fc ) by C(X)(a) — C(d cr X,d(d (T X)). Its dual 
is a chain complex T*C{X) given by {T*C{X)){a) = C^-*(d a X) for a E A k . A 
generalization of the relative symmetric construction 2.20 gives a chain map 

(p Ak : Z- k C(X, dX) -> W % {C{X)) over Z*(A fc ) 

called the symmetric construction over A k which evaluated on a cycle [X] E 
C n +fe(X, dX) gives an n-dimensional symmetric algebraic complex (C(X), tp A k [A]) 
in Z*(A fe ) whose component 

<p^([x])(a) :C n+ w-*(d a x) -> c(d a x,d(d a x)) 

is the cap product with the cycle [d a X] E C n+ \ a \ (d a X, d(d a X)). Here d a :C(A k ) — > 
C(a) is the map defined as in [Ran92, Definition 8.2]. 

Construction 5.8. Consider now the special case when we have an (n + k)- 
dimensional manifold k-a,d (M, (9 cr M) (TgA fc). Let A(Z) be the algebraic bordism 
category from Example 4.4. Construction 5.7 applied to the fundamental class 
[M] E C n +k (M, dM) produces an n-dimensional symmetric algebraic complex 
(C(M),tp A k({M})) in the category A(Z)*(A fe ) since the maps 

^ Afc ([Af])(a)o:C("- fc > + H-*(cU.f) C(d„M,d(d a M)) 

are the cap products with the fundamental classes [d a M] E C„_fc + | CT | (d a M, d(d a M)) 
and hence chain homotopy equivalences and hence their mapping cones are con- 
tractible. 

Construction 5.9. Analogously, when we have a degree one normal map of man- 
ifold fc-ads 

((f,b) 7 (f a ,b a )):(M,d„M) -> (X,d„X) 

with a E A fe , the stable Umkehr map F: YPX + — > YPM + for some p induces by a 
generalization of the relative quadratic construction 2.21 a chain map 

ip A k : : Z- k C(X,dX) -> W%(C(M)) over Z*(A fc ) 

called the quadratic construction over A k . Evaluated on the fundamental class 
[X] E C n j,-k(X,dX) it produces an n-dimensional quadratic algebraic complex in 
the category A(Z)*(A' £ ). The mapping cone C(/') becomes a complex over Z*(A fe ) 
by C(f)(a) = C(fl,df a ). The chain map e:C(M) -> C(/ ! ) in Z*(A fc ) produces an 
n-dimensional quadratic complex in A(Z)*(A fe ) 

(C(f),e % ^ Ak [X}) 

Now we move to the constructions in the category Z* (K) . 

Construction 5.10. Let r: X — > K be a map of simplicial complexes. Denoting 
for a E K 

X[a] = r- x {D{a, K)) C X 1 we obtain X = {J X[a]. 

cr£K 
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This decomposition is called a A-dissection of A. Consider the subcomplex of the 
singular chain complex of C(X) consisting of the singular chains which respect the 
dissection in the sense that each singular simplex is contained in some A[<r]. This 
chain complex is chain homotopy equivalent to C{X) and by abuse of notation we 
still denote it C(A). It becomes a chain complex in B(Z*(if)) by 

C{X){a) = C(X[a],dX[a}) for a G K 

with n-dual 

T, n nC(X)(a) = C n -^-*(X[a}). 

There is a chain map <9 CT : C(X) -» S^C(X[a], dX[a]), defined in [Ran92, Definition 
8.2], the image of a chain [X] G C(X) n is denoted [X[a]] G C(X[a],dX[a]) n _ H . 
A generalization of the relative symmetric construction 2.20 gives a chain map 

(p K : C(X) -> W % {C(X)) over Z„{K) 

called the symmetric construction over K, which evaluated on a cycle [X] G C{X) n 
produces an n-dimensional symmetric complex (C(A), ipk[X]) over Z*(AT) whose 
component 

m ([X])(a) Q :C n -^-*(X[a}) -> C(X[a],dX[a]) 
is the cap product with the class [A[cr]]. 

Construction 5.11. More generally, let X be an n-dimensional topological mani- 
fold and let r : X — > K be a map, transverse to the dual cells D(a, K) for all a 6 K. 
Any map can be so deformed by topological transversality. In this situation we 
obtain an analogous if-dissection. The resulting complex (C(X), tpK[X]) is now an 
n-dimensional symmetric algebraic complex in A(Z)*(if) since the maps 

^(a) :C-("-l CT l-*(A>]) -> C(X[a],dX[a]) 

are the cap products with the fundamental classes [A[ct]] 6 C„_| CT | (^[a], 9X[<r]) and 
hence chain homotopy equivalences and hence their mapping cones are contractible. 
Here we are using the fact that each X[a] is an n — \a\ -dimensional manifold with 
boundary and hence satisfies Poincare duality. 

Construction 5.12. Analogously let (/, b) : M — > X be a degree one normal map 
of closed n-dimensional topological manifolds. We can make / transverse to the 
if-dissection of A in a sense that each preimage 

(M[a],dM[a}) := f-\X[tr\,dX[a\) 

is an (n — |cr|)-dimensional manifold with boundary and each restriction 

(f[a]J[da]):(M[a},dM[a}) -> (A [a], dX[a]) 

is a degree one normal map. The stable Umkehr map F: E P A + — > S P M + for some 
p induces by a generalization of the relative quadratic construction 2.21 a chain 
map 

?Pk ■ ST fe C(X) -> W%(C(M)) over Z»(if) 

called the quadratic construction over K. Evaluated on the fundamental class 
[X] G C„(A, dX) produces an n-dimensional quadratic algebraic complex in the 
category A(Z)*(A). The mapping cone C(f ) becomes a complex over Z*(AT) by 
C{f){<r) = C{f{a)\f{da)-). The chain map e:C{M) -> C(/ ! ) in Z»(A) produces 
an n-dimensional quadratic complex in A(Z)»(A) 

(C(/ ! ),e % ^[A]). 
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6. Assembly 

Assembly is a map that allows us to compare the concepts of the local Poincare 
duality introduced in section 5 and the global Poincare duality in section 2. It is 
formulated as a functor of algebraic bordism categories. 

Proposition 6.1. The functor of additive categories A : Z*(K) — > Z[iri(K)] defined 
by 

M i ^ J2 M (p(°)) 

defines a functor of algebraic bordism categories. 

A:A(Z)*(AT) A(Z[m(K)]) 

and hence homomorphisms 

A:L n (A(Z)*(K)) -+ L"(A(Z[7n (#)])) A: A„(A(Z)»(AT)) — > A„(A(Z[7Ti(A")])) 

Example 6.2. [Ran92, Example 9.6] Let X be an n-dimensional topological mani- 
fold with a map r : X — > K. In Construction 5.10 there is described how to associate 
to X an n-dimensional SAC (C,ip) in A(Z)„»(AT). The assembly A(C, <p) is then 
the n-dimensional SAPC sign L '(AT) = (C(X), <p([X])) in A(Z[tti (AT)]) described in 
Construction 2.15. 

Example 6.3. [Ran92, Example 9.6] Let (/, b) : M — > X be a degree one normal 
map of closed n-dimensional topological manifolds. In Construction 5.12 there is 
described how to associate to (/, b) an n-dimensional QAC (C, ijj) in A(Z)* (AT). The 
assembly A(C,ip) is then the n-dimensional QAPC sign L *(/, b) = (C(/ ! ), e%ip[X]) 
in A(Z[7Ti(AT)]) described in Construction 2.16. 

It is convenient to factor the assembly map into two maps. The reason is that we 
have nice localization sequences for a functor of algebraic bordism categories when 
the underlying category with chain duality is fixed and the functor is an inclusion. 
Hence we define 

Definition 6.4. Let A(Z) be the algebraic bordism category of Example 4.4 and 
K a locally finite simplicial complex. Then the triple 

A(Z)(AT) = (a*(a-),b*(a-),c(a:)) 

where the subcategory C(AT) consists of the chain complexes C € B*(AT) such that 
A{C) € C(Z[iri(K)]). 

Hence, for example, an n-dimensional symmetric complex (C,ip) in A(Z)(AT) 
will be a complex over Z*(AT), which will only be globally Poincare in the sense 
that A(C,(p) will be an n-dimensional SAPC over Z[ttiK], but the duality maps 
(f(a): Y7 l TC{a) — > C(<r) do not have to be chain homotopy equivalences for a 
particular simplex a 6 K. 

Proposition 6.5. The assembly functor factors as 

A: A(Z),(AT) -» A(Z)(A') -» A(Z[tti(A')]) 

Furthermore Ranicki proves the following algebraic 7r — 7r-thcorem 15 : 

Proposition 6.6. [Ran92, chapter 10] The functor A(Z)(AT) -> A(Z[tti (AT)]) in- 
duces an isomorphism on quadratic L-groups 

L n (A(Z)(K)) SS L n (Z[m(K)]) 



'The name is explained at the beginning of [Ran92, chapter 10] 
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It follows that when we want to compare local and global Poincare duality it is 
enough to study the map 

(6.1) A: L n (A(Z)*(K)) -> L„(A(Z)(if)). 

7. L-Spectra 

The technology of the previous sections also allows us to construct L-theory 
spectra whose homotopy groups are the already defined L-groups. Spectra give 
rise to generalized (co-)homology theories via the standard technology of stable 
homotopy theory. That is also the main reason for their introduction in L-theory. 

These spectra are constructed as spectra of A-sets, alias simplicial sets without 
degeneracies. We refer the reader to [Ran92, chapter 11] for the detailed definition 
as well as for the notions of Kan A-sets, the geometric product K ® L, the smash 
product K AL, the function A-sets L K , the fiber and the cofiber of a map of A-sets, 
the loop A-set £IK and the suspension 'EK as well as the notion of an 57-spectrum 
of A-sets. 

Below, A" is the standard n-simplex, A is an algebraic bordism category and K 
is a finite A-set. 

Definition 7.1. Let L„(A), L n (A) and NL"(A) be pointed A-sets defined by 

li n (A)^ = {n-dim. symmetric complexes in A*(A fc )}, 

L n (A)^ = {n-dim. quadratic complexes in A*(A fc ) 

NL™(A) (fc) = {n-dim. normal complexes in A*(A fc+ ")}. 

The face maps are induced by the face inclusions <9,; : A fc_1 — > A k and the base 
point is the 0-chain complex. 

Proposition 7.2. We have Q,-spectra of pointed Kan A-sets 

L*(A) := {L"(A) | nel} L.(A) := {L„(A) | neZ} NL'(A) := {NL"(A) | n e Z} 
with homotopy groups 

7r n (L B (A)) = L n (A) 7r n (L.(A)) = L n (A) vr„(NL'(A)) = NL n (A) 

Remark 7.3. The indexing of the L-spectra above is the opposite of the usual 
indexing in stable homotopy theory. Namely, if E is any of the spectra above we 
have E„ + i ~ 57E„. 

Notation 7.4. To save space we will abbreviate 

L* = L n (A(Z)) L. = L n (A(Z)) NL* = NL"(A(Z)). 

We note that the exact sequences from Propositions 3.21, 4.5, and 4.6 can be 
seen as the long exact sequences of the homotopy groups of fibration sequences of 
spectra. We are mostly interested in the following special case. 

Proposition 7.5. Let R be a ring with involution. Then we have a fibration 
sequence of spectra 

L.(A(i?)) -4- L*(A(iZ)) NL'(A(fl)). 

Proof. Consider the fiber of the map of spectra L'(A(R)) -)■ NL*(A(i?)). Use 
algebraic surgery to identify it with L.(A(i?)) just as in the proof of Proposition 
3.21. □ 

In fact the L-theory spectra are modeled on some geometric spectra. We will 
use the notion of a (k + 2)-ad (of spaces) and manifold (fc + 2)-ads as defined 
in [Wal99, §0]. 
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Definition 7.6. Let neZ and 0„ TOP and be pointed A-sets denned by 
( n STOP)(fc) ={(m, d M : . . . , d k M) | (n + fc)-dimensional manifold 
(k + 2)-ad such that d M n ... Pi d k M = 0} 
(O™)^ ={(X, v, p) | (n + fc)-dimensional normal space (k + 2)-ad 
X = (X, d X, . . . , d k X) such that d X n . . . n <9 fc A = 0, 
v.X -> BSG(r) and p : A" +fe+r -> Th(^) such that 
rtftA"**^) C Th(^x)} 
Face maps 9; : (Jl„)^ fe ^ — > (f2^) ( -' c ~ 1 - ) , < i < fc are given in both cases by 

di(x) = (diX, d a x ndiX,..., d l . 1 x n d t x, d l+1 x n d t x, . . . , d„x n d,A, ). 

Here a convention is used that an empty space is a manifold (normal space) of any 
dimension n£Z and it is a base point in all the dimensions. 

Proposition 7.7. We have il-spectra of pointed Kan A-sets 

n s J op := {O« xop |neZ} := | n e Z} 

with homotopy groups 

^ STOP ) = ^ TOP n n (n™)=Q%. 

Definition 7.8. For n E Z let £- 1 n£ r ' STOP be the pointed A-set defined as the 
fiber of the map of A-sets 

The collection £~ 1 ri^' STOP becomes an fi-spectrum of A-sets. 

Remark 7.9. Again, the indexing of the above spectra is the opposite of the usual 
indexing in stable homotopy theory. To see that the spectra are indeed i7-spectra 
observe that an (n + l + k— l)-dimensional (k — 1 + 2)-ad is the same as an (n + k)- 
dimensional (k + 2)-ad whose faces do and d\ . . . d k are empty. Similar observation 
is used in the algebraic situation. 

Hence we have a homotopy fibration sequence of spectra 

(7.i) £- 1 n?. STOP n? TOP -». n« 

The fibration sequences from Proposition 7.5 and of (7.1) are related by the 
signature maps as follows. 

Proposition 7.10. The relative symmetric construction produces 

(1) sign L * : nl TOP -> L n (A(Z)) - sign L * : ttf TOP -> L* 
TTie relative normal construction produces 

(2) sign NL ' : SI™ -> NL n (A(Z)) sign NL * : -> NL\ 

TTie relative normal construction together with the fibration sequence from Propo- 
sition 7.5 produces 

(3) sign L - : E-^-STOP L n (A(Z)) - sign L - : E~ 1 n^ r,STOP -> L.. 

Proof. For (1) use Construction 5.7 which is just a generalization of the relative 
symmetric construction. For (2) the relative normal construction can be used. The 
full details are complicated, they can be found in [Wei85b, section 7]. For (3) 
observe that the relative normal construction provides us with a map to the fiber of 
the map L n (A(Z)) ->■ NL"(A(Z)). The identification of this fiber from Proposition 
7.5 produces the desired map. □ 
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8. Generalized homology theories 

Now we come to the use of the spectra just defined to produce (co-)homology. 
Definition 8.1 below contains the formulas. In addition the S'-duality gives an 
opportunity to express homology as cohomology and vice versa. In our application 
it turns out that the input we obtain is of cohomological nature, but we would 
like to think of it in terms of homology. Therefore the strategy is adopted which 
comes under the slogan: "homology is the cohomology of the S-dual" . Here in fact a 
simplicial model for the S-duality will be useful when we work with particular cycles. 
For i-theory spectra a relation to the L-groups of algebraic bordism categories from 
section 5 will be established. 

The following definitions are standard. 

Definition 8.1. Let E be an fi-spectrum of Kan A-sets and let K be locally finite 
A-set. 

(1) The cohomology with E- coefficients is defined by 

H n (K;E) = 7T_ n (E*+) = [tf + ,E_„] 
where E K+ is the mapping A-set given by 

(E A ;)W = {X+®Af^E_„} 

(2) The homology with E- coefficients is defined by 

H n (K; E) = n n (K + A E) = colim ir n+j {K + A E_ rf ) 

where K + A E is the f2-spectrum of A-sets given by 

(K + A E) = {colim Q j (K + A E n _ 3 -) | n e Z}. 

What follows is a combinatorial description of S'-duality from [Whi62] and [Ran92]. 

Definition 8.2. Let K C L be an inclusion of a simplicial subcomplex. The 
supplement of K in L is the subcomplex of the barycentric subdivision V defined 
by _ 

K ={a' eL' \ no face of a' is in K'} = (J D{a, L) C L' 

Next we come to the special case when L — <9A m+1 . In this case the dual cell 
decomposition of <9A m+1 can in fact be considered as a simplicial complex, which 
turns out to be convenient. First a definition. 

Definition 8.3. Define the simplicial complex E m by 

= {cr* | a e (cA m+1 )( m - fe )} 

di : (£ m ) W -> (FJ" 1 )^- 1 ) for < i < k is d l : a* h> (8 i0 -)* 

with Si : (9A" l+1 ) (m_ ' c) (dA m+i y m - k+1 ) given by 

St : a = {0, . . . , m + 1} \ {j , . . . , j k } H> a U {ji}, (j <ji< - < j k )- 

So E™ 1 has one /c-simplex a* for each (m — fc)-simplex cr of <9A m+1 and it* < r* 
if and only if cr > r. 

OA 3 S 2 
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The usefulness of this definition is apparent form the following proposition, 
namely that each dual cell in dA m+1 appears as a simplex in S m . 

Proposition 8.4. There is an isomorphism of simplicial complexes 

$ : (E ro )' -=» {dA rn+1 )' 

such that for each a 6 K C dA m+1 we have 

<£>(er*) = D(o-,dA m+1 ) and $>(a*) n K' = D{a, K) 

Notice that since dA rn+1 is an m-dimensional manifold the dual cell D(a, dA m+1 ) 
is a submanifold with boundary of dimension (to — |ct|) which coincides with the 
dimension of a*. 

Proof. The isomorphism $ is given by the formula 

[a ) = {(J a o- 1 . . . a p | a p < . . . < u x < a < a }, a {) a x ...a p 

D(a, dA m+1 ) = {<5- <7i • • • <r p | a < a < a\ < . . . < er p }, (7 <Ti ...a p 

□ 

The isomorphism of course induces a homeomorphism of geometric realizations. 
For m = 2 it looks like this: 




Proposition 8.5. [Ran92, Prop. 12.4] Let E be a Vl-spectrum of Kan A-sets and 
K a finite simplicial complex. Then for m G N large enough we have 

H n (K; E) = iJ m - n (E m ,i?;E) 

Proof. The above proposition allows us to think of K as being embedded in S m and 
the complex E m /K is the quotient of E m by the complement of a neighborhood of 
K. This is a well known construction of an m-dimensional S'-dual of K, which is 
proved in detail for example in [Whi62, p. 265]. The construction there provides 
an explicit simplicial construction of a map A' : S™ 1 — > K + A (S m /K) which turns 
out to be such an 5-duality. □ 

We remark that if K is an n-dimensional Poincare complex with the SNF 
v K : K ->• BSG(to - n) then E m /K ~ Th{v K ). 

Now we come to the promised alternative definition of the homology of K. 

Definition 8.6. Let E be an Sl-spectrum of A-sets. An n-dimensional E-cycle in 
if is a collection 

x = {x(a) G Ei m ;J CT|) | a G K } 

x(5ia) if 5i<7 G K 
% ii5 i0 -£K 
A cobordism of rt-dimcnsional E-cycles xo, x\ in if is a A-map 

y: (E m ,i?)«.A 1 ^(E n _ m ,0) 
such that y(a <g> i) = Xi(a) G ^n-m for a £ K and i = 0,1. 



such that dix(a) 



(0<i< m - \c 
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Proposition 8.7 ([Ran92, Prop. 2.8]). There is a bijection between the set of cobor- 
dism equivalence classes of n- dimensional 'E-cycles in K and the n- dimensional 
E-homology group H n (K,TSi). 

Proof. A n-dimensional E-cycle x defines a A-map 

x{o~) a £ K 



(TT,K) ->E„_ m ,<7* i— > 



a i K 



and cobordism relation of cycles corresponds to the homotopy relation of A- maps. 

□ 

Proposition 8.8 ( [Ran92, Prop. 13.7], [LM09, Remark 14.2]). Let K be a finite 
simplicial complex and A an algebraic bordism category. Then 

(i) L.(A) X + ~L.(A*(AT)) andL'{A) K + ~ L*(A*(JRT)) 

(ii) K+ A L.(A) ~ L.(A*(#)) and AT+ A L"(A) ~ L*(A*(AT)) 

Corollary 8.9. For the algebraic bordism category A = A(Z) we have 

L„(A(Z)*(AT)) S H n (K, L.) and L n (A(Z),(tf)) = #„(A,L'). 

Proof of Corollary. For any A we have 

L„(A*(iQ) = 7r n (L.(A*(AT))) = 7T„(AT + AL.(A)) = ff n (if,L.(A)) 

and similarly in the symmetric case. □ 

Proof of (i). Since the morphisms in the category A* (AT) only go from bigger to 
smaller simplices we can split an n-dimensional Q AC (C, ip) £ A* (AT) over K into 
a collection of n-dimensional QAC {{C a ,ip a ) £ A*(Al <T l)} over standard simplices 
such that the (C a , <p a ) are related to each other in the same way the corresponding 
simplices are related to each other in AT, i.e. C a {dia) — Cg ia (dia) for all a £ K. 
The complex (C a ,(p a ) is a |<r|-simplex in L„(A) and the compatibility conditions 
are contained in the notion of A-maps. 
Hence we get 

(C,<p) = {n-dim. QAC (C^ip.) £ A*(A^) | 

cr £ K and C CT (cV) = C 9l(J (cV)} 
= A-map f c : K + -> L„(A) with /(cr) = (C ff , ¥> ff ) for cr £ AT+ 

Thus 

L„(A*(A-))W = {n-dim. QAC (C, ^j) £ A*(A')*(A fc ) ~ A*(AT ® A fc )} 
= {/ : (AT ® A fe ) + -> L„(A) / is a pointed A-map} 
= (L n (A)*+)« 

□ 

Proof of (ii). For m £ N large enough consider an embedding i : K — » <9A m+1 , the 
complex S m and the supplement AT in S m as in Definition 8.3. The first observation 
is that there is an isomorphism of algebraic bordism categories 

A* (if) = A*(E m , K) 

This follows from the existence of the one-to-one correspondence cr f> cr* between 
fc-simplices of K and (m — A;) -simplices of E m \ K which have the property a < t 
if and only if a* > r* and the symmetry in the definition of the dualities T» and 

The observation leads to 

L.(A*(iQ) = L.(A*(£ m ,i?)) ~ L.(A)( S ™*> — K + A L.(A). 
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where the last homotopy equivalence is a spectrum version of the isomorphism in 
Proposition 8.5. □ 

Remark 8.10. Recall that in section 5 we have defined various structured algebraic 
complexes over A. By theorems of this section some of them represent homology 
classes with coefficients in the L-theory spectra. Alternatively to the explicit con- 
struction above a different approach in [Wei92] proves that these homology groups 
H n (K, E) are induced by homotopy invariant and excisive functors K — > E(A*(A)) 
and hence this construction is natural in K. 

Definition 8.11. Let A be an n-dimensional closed topological manifold with a 
map v '. X — y AT to a simplicial complex. The cobordism class of the n-dimensional 
SAC in A(Z)*(A) obtained from any choice of the fundamental class [X] £ C n {X) 
in Construction 5.11 does not depend on the choice of [X] and hence defines an 
element 

sign^(X) = (C(X),<p K ([X\)) 6 H n (K;L') 
called the symmetric signature of X over K. 

Definition 8.12. Let X be an n-dimensional closed topological manifold with a 
map r : X —> A to a simplicial complex. Recall the spectrum J7^ TOP from section 7. 
Note that the A-dissection of X obtained by making r transverse to the dual cells 
gives a compatible collection of manifolds with boundary so that the assignment 
o" — > X[a] is precisely an n-dimensional Jl^ TOP -cycle. We call it the STOP- signature 
of X over A and denote 

O ST0P arnr^r, 

sign£' (X) e H n (K;n s , TOP ). 
Remark 8.13. The symmetric signature sign^- (A) can be seen as obtained from 

jjSTOP 

the STOP-signature sign^* (A) by applying the symmetric signature map on 
the level of spectra, that means the map sign from Proposition 7.f0. Tn fact the 
STOP-signature and hence the symmetric signature only depend on the oriented 
cobordism class of A, and so we obtain a homomorphism 

sign^:^T° p (A)^tf n (A;L*). 

Definition 8.14. Let (/, b) : M — > A be a degree one normal map of n-dimensional 
closed topological manifolds and let r : A — > A be a map to a simplicial complex. 
The cobordism class of the n-dimensional QAC in A(Z)*(A) obtained from any 
choice of the fundamental class [A] £ C„(A) in Construction 5.f2 does not depend 
on the choice of [A] and hence defines an element 

sign^(/,6) = (C(/ ! ),e % ^([A]) e H n (K;L.) 

called the quadratic signature of the degree one normal map (/, b) over K. Tn fact 
the quadratic signature only depends on the normal cobordism class of (/, b) in the 
set of normal invariants A/"(A) and provides us with a function 

sign£:JV(X)->ff n (Jf;L.). 

In order to obtain an analogue of Proposition 8.8 for NL* spectra we need to 
introduce yet another algebraic bordism category associated to A and A. 

Definition 8.15. Let A = (A, B, C) be an algebraic bordism category and A a 
locally finite simplicial complex. Define the algebraic bordism category 

A(A) = (A»(A),B»(A),B*(A)) 

where A* (A) and B*(A) are as in section 5. 
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Proposition 8.16. [Ran92, Proposition 14.5] Let K be a finite simplicial complex 
and A an algebraic bordism category. Then 

K+ A NL'(A) ~ NL* (A (if)). 

To complete the picture we present the following proposition which follows from 
Lemma 3.19 and Proposition 8.8 

Proposition 8.17. We have 

NL*(A*(if)) ~ L*(A*(if)) ~ K + AL*(A) 

Remark 8.18. Recall the idea of the assembly map from section 6. Via Proposition 
8.8 it induces a map 

A:H n (K;h.) =7r n (K+ A L.) L„(Z[^ (if )])) = 7 r n (L.(A(Z[ 7 r 1 (if)]))) 

If 7Ti (if) — then this map can be thought of as an induced map on homology by 
the collapse map if \-+ *. Similarly for spectra L* and NL*. However, this is not 
a phenomenon special to these spectra. In fact in [Ran92, chapter 12] an assembly 
map 

A:H n (K;E) ^ 7r n (E) 

is discussed for any spectrum E, hence any homology theory. On the level of chains 
this map can be described via certain "gluing" procedure. For the spectra £1^ and 
j-^STOP fais procedure coincides with the geometric gluing. 

9. Connective versions 

An important technical aspect of the theory is the use of connective versions of 
the L-theory spectra. This is related to the difference between topological manifolds 
and ANR-homology manifolds. In principle there are two ways how to impose 
connectivity restrictions. One is to fix the algebraic bordism category and modify 
the definition of the L-groups and L-spectra. The other is to modify the algebraic 
bordism category and keep the definition of the L-groups and L-spectra. Both ways 
are convenient at some stages. 

Proposition 9.1. Let A be an algebraic bordism category and let q G Z. Then 
there are Q-spectra of Kan A-sets L.(q)(A), L*(<7)(A), NL*(g)(A) with homotopy 
groups 

n n L,(q)(A) = L„(A) for n> q 7 for n < q 
7T„L*(g)(A) = L n (A) for n > q, for n < q 
7r„NL*(g)(A) = NL"(A) for n > q, for n < q. 

Definition 9.2. Let A = (A,B, C) be an algebraic bordism category, and let q £ 
Z. Denote M{q) C B the category of chain complexes in B which are homotopy 
equivalent to q-connected chain complexes and C(q) = M(q) n C. The algebraic 
bordism categories A(q) and A(l/2) are defined by 

A(q) = (A,M(q),C(q)) and A(l/2) = (A, 1(0), C(l» 

Notation 9.3. In accordance with [Ran92] we will now use the notation A(q)(R) 
for A(R)(q) where R is a ring with involution, q G Zorq = 1/2 and A(i?) is 
the algebraic bordism category from Example 4.4. Similarly A(q)(R) stands for 
A(R)(q). 
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In general the groups L n (A(q)(R)) = n n L*(A(q) (R)) need not be isomorphic to 
7r n L* (q)(A(R)), likewise for quadratic and normal L-groups. However, in certain 
special cases this holds, for example we have ( [Ran92, Example 15.8]): 

7r„L.(0)(A(Z)) ££„(A(0)(Z)) 

7r n L'(0>(A(Z)) SL»(A(0)(Z)) 

Notation 9.4. Again, to save space we abbreviate for q £ Z or q = 1/2: 

L'{q) = L"(A(«7)(Z)) L.{q) = L»(A(g)(Z)) NL'(g) = NL"(A(g)(Z)). 

We also obtain a connective version of Proposition 7.5. 

Proposition 9.5. [Ran92, Proposition 15.16] We have a homotopy fibration se- 
quence 

(9.1) L.(l) ->-L*(0> -s-NL*(l/2). 

As a consequence we have 

7101/(0) =7ToNL*(l/2) = Z. 

Let K be a simplicial complex. Now we consider the connective versions of the L- 
theory groups/spectra of algebraic bordism categories associated to K in sections 5 
and 8. Specifically we are interested in the algebraic bordism category A(q) (Z)* (K) 
from Definition 5.5 and A(q)(Z)(K) from Definition 8.15. The following proposition 
is an improvement on Propositions 8.8, 8.17 and 6.6. 

Proposition 9.6. [Ran92, Proposition 15.9,15.11] There are isomorphisms 

ir n L'(A(q)(Z)4K)) £ H n (K;L'(q)(Z)) 

7r n L.(A( g )(Z)*(X)) = H n (K;L.{q)(Z)) 

7r„NL'(A<5)(Z)(A-)) = H n (K ;NL' (q)(Z)) 

TT n L.{A{q)(K)) S L n (Z[7ri[Jf]) for n > 2g. 

In addition there is an improved version of Proposition 7.10 as follows: 

Proposition 9.7. The relative symmetric construction produces 

(1) sign L * : nl TOP -> L"(A(0)(Z)) - sign L * : n^ TOP -». L'(0) 

The relative normal construction produces 

(2) sign NL * : -> NL"(A(1/2)(Z)) sign NL * : -> NL'(l/2). 

T/ie relative normal construction produces 

(3) sign L ':I]- 1 ^,STOP^ Lji(A(1)(z)) ^ gign L. . ^-i^n.stop ^ L> (1) 

Part (1) is obvious, since a geometric situation provides only chain complexes 
concentrated in non-negative dimensions. Part (2) is shown in [Ran92, page 178]. 
Part (3) follows from part (2) and the fibration sequence from Proposition 9.5. 

10. Surgery sequences and the structure groups S n (X) 

Now we have assembled all the tools needed to define, for a finite simplicial 
complex X, the group E> n (X), which is the home of the total surgery obstruction if 
X is an n-dimensional Poincare complex. It is important and useful to define not 
only the group E> n (X) itself, but also to relate it to other groups which we might 
understand better. So the group S n (X) is placed into a commutative braid, which 
is obtained from the braid in section 4 by plugging in suitable algebraic bordism 
categories. We recall these now. 

In fact the categories are, as indicated below, various connective versions of the 
following categories. The underlying additive category with chain duality is 



THE TOTAL SURGERY OBSTRUCTION 



43 



- A = Z»(X) is the additive category of finitely generated free Z-modules 
over X.. 

Now we specify the subcategories of B(A) needed to construct the braid. 

B = B(Z*(X)) are the bounded chain complexes in A, 

- C = {C G B | A(C) ~ *} are the globally contractible chain complexes in 
B(A), 

- D = {C G B | C(a) ~ * Ver G K} are the locally contractible chain com- 
plexes in B(A). 

The precise connective versions used are indicated in the braid diagram below, 
which is taken from [Ran92, Proposition 15.18]. Due to the lack of space we have 
omitted the underlying category A from the notation as it is the same everywhere. 
We also note that obviously D(0) = B(l): 




7VL"(B(0},H>(0}) 7VL n (B(0),B(l)) L„_j (B(1),C(1» 




A/X n (B(0),C<l» L n _i(ffl(l),D(l» 




L n (B(l),C(l» L„_i(C(l),D(l» (B(0),B(0» 




Notice that the exact sequence labeled (1) is induced by the assembly functor 
A: A(Z)(1)*(X) — » A(Z)(1)(X) from section 6. The other sequences are induced 
by analogous functors, the precise statements are left to the reader. It is more 
interesting at this stage that we have already identified various groups in the braid. 
We recapitulate using Propositions 9.6 and 8.17: 

L n (B(l),C(l» =L n (ZMX)]) 

L n (B(l),B(l» =H n (X;L.{l)) 
JVL"(B(0>,D<0» = H n {X;-L'{0})) 
ATL"(B(0),B(1)) =#„(X;NL*(l/2))) 

The sequence containing only homology theories can be thought of as induced 
by the cofibration sequence from Proposition 9.5. In addition we have new terms 
as follows. We keep the notation from the beginning of this section. 

Definition 10.1. [Ran92, chapter 17] Let X be a finite simplicial complex. Define 
the n-dimcnsional structure group of X to be 

§„(X) = L„_ 1 (A ! C<1),B(1)) 

So an element in S„(X) is represented by an (n — l)-dimensional 1-connective 
QAC in Z*(X) which is globally contractible and locally Poincare. We will see in 
the following section how to obtain such a chain complex from a geometric situation. 
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Definition 10.2. [Ran92, chapter 17] Let A be a finite simplicial complex. Define 
the n-dimcnsional visible symmetric L-group of A to be 

VL n (X) = AL"(A,B(0),C{1)) 

The visible symmetric L-groups were defined by Weiss in [Wei92] to clarify cer- 
tain relations between the symmetric and quadratic L-groups. We will not need 
this aspect, what is important is that an element in VL n (X) is represented by an 
n-dimensional O-connective NAC in Z*(A) whose underlying symmetric structure 
is locally O-connective and globally Poincare. We will see in the following section a 
geometric situation which yields such a chain complex. 

The sequence labeled (1) in the braid is known as the algebraic surgery exact 
sequence: 

(10.1) ■■■^ H n (X,L.(l)) A L n (Z[m(X)]) As n (X)->fl n _i(X;L.(l» -> • • • 

Summarizing the above identification we obtain the commutative braid which 
will be our playground in the rest of the paper: 




11. Normal signatures over X 

As indicated in the introduction in order to define the total surgery obstruction 
of X we need to discuss the normal and the visible signature of A. In this section we 
define the visible signature sign^ L (A) G VL n (X) as a refinement of the normal 
signature sign™ L (A) E H n (X; NL*(l/2)). In fact, it should be expected that 
any 7i-dimensional GNC (A, v, p) has an associated normal signature over A which 
assembles to the normal signature over Z[ir\X] defined in section 3. However, we 
are not able to show such a general statement. We need to assume that the normal 
complex comes from a Poincare complex with its SNF. 16 Before we start we still 
need some technical preliminaries. 

Construction 11.1. Recall some more ideas from [Whi62] surrounding the concept 
of supplement described in section 8. Let K C L be a simplicial subcomplex. The 
supplement is a subcomplex K C L'. As explained in [Whi62] there is an embedding 
\L\ C | if' | * | if | into the join of the two realizations. A point in \K'\ * \K\ can be 



In [Ranll, Errata for page 103] a construction for the normal signature over X for a normal 
complex X is actually given. However, since in the proof of the subsequent sections we directly 
use the specific properties of the construction presented in this section in the case when X is 
Poincare, we only discuss this special case. 
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described as t ■ x + (1 — t) ■ y for x G \K'\, y £ \K\, and t £ [0, 1]. The space \L\ can 
be decomposed as the union of two subspaces 

N = N(K') ={t ■ x + (1 - t) • y 1 1 > 1/2} ni 

JV = iV(#) ={t ■ x + (1 - t) ■ y | t < 1/2} n L. 

These come with obvious deformation retractions r: N — > |ijf| and r: — > 

Next denote N(a) = N(~](\D(a, K)\*\IC\) for a £ i^T. Then we have the dissection 
N = \J ae KN(a) and the retraction r respects the dissections of N and \K\ 

r\ N (a) =r(a):N(a) |£>(£r,lf)|. 




iV(if) 



K 



Construction 11.2. Consider now the case when X is a finite simplicial Poincare 
complex of dimension n which we embed into dA m+1 , that means K = X and 
L = dA rn+1 in the above notation. For m large enough the homotopy fiber of 
the projection map dr: dN = N n N — > X is homotopy equivalent to S m ~ n ~ 1 
and the associated spherical fibration is the SNF Vx- In more detail, there is a 
(jym-n^ g m -"- 1 )_fibi- a tion V- (D(vx), S(fx)) — > X and a homotopy equivalence of 
pairs i : (N, dN) — > (D(l>x), S(vx)) such that the following diagram commutes 

(N, dN) <- >(D(v x ),S(v x )) 



X 

The map p is now an honest fibration. Recall from Definition 8.3 the complex E m 
and that we have an embedding X C S m . It follows that 

|E m /X| ~ N/dN ~ Th{v x ) 

Construction 11.3. Now we would like to present an analogue of Construction 
5.10 for normal complexes. What we are aiming for is an assignment 

sign^ (X):a ^ (X(a), u(a), p(a)) G (n^ m ) {m ~ Wl) for each a E X. 
The first two entries are defined as follows: 

X(a) = \D{a,X)\ v(a) = v x ° inch X(a) c X ->• BSG(m — n— 1) 
To define p(<r) consider the following commutative diagram 




\D(a,X)\ y\X\ 

In general the homotopy fibers of the projections r(a): dN(a) — > \D(a,X)\ are 
not S . On the other hand the pullback of v x along the inclusion D(a,X) C X 
yields an S' m_I1_1 -fibration v(cr). The associated disc fibration is a pullback as 
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indicated by the diagram. Since the two compositions N(o~) — > \X\ commute we 
obtain the dashed map. 

Recall the (m — |er|)-dimensional simplex a* £ S m . Observe that we have 

A m-M s* |<7*| = N(a) UN(a) 

where N(a) = N n (\D{a, X)\ * \~X\). Define the map 

p(a) = P (N((t)) U p(N(a)) : A m -^ = N(a) U N(a) D{v{a)) U {*} S Th(i/(a)) 
where the map p(N(a)) is the collapse map. 

Definition 11.4. Let X be an n-dimensional finite Poincare simplicial complex 
with the associated n-dimensional GNC (X, vx,px)- Then the assignment from 
Construction 11.3 defines an element 

sign^(X) eH n (X;Ct?) 

and is called the geometric normal signature of X over X. 

Remark 11.5. The assembly of Remark 8.18 satisfies 

A(sign5' (X)) = (X,v x ,p x )eQ%. 

Definition 11.6. Let X be an n-dimensional finite Poincare simplicial complex 
with the associated n-dimensional GNC (X, vx-,Px)- The composition of the geo- 
metric normal signature over X from Definition 11.4 with the normal signature 
map on the level of spectra from Proposition 9.7 produces a well-defined element 

sign£ L *(X) - sign NL * osign? (X) e H n (X;NL m (l/2)) 

called the normal signature of X over X. 

Remark 11.7. We have 

A(sign£ L '(X)) = sign^; (x)] (X) G JVL»(Z[7n(X)]) 

Recall that an n-dimensional NAC has an underlying symmetric complex. In the 
case of sign^ L (X) this is the complex obtained in Construction 5.10. It is not 
locally Poincare, that means, it does not give a symmetric complex in A(Z)*(X). 
Its assembly is sign^p^ (X) G L n (Z[7Ti(X)]). 

Definition 11.8. Let X be an n-dimensional finite Poincare simplicial complex 
with the associated n-dimensional GNC (X,vx, Px)- The assembly of the normal 
complex over X which defines the normal signature over X is Poincare and hence 
produces an n-dimensional NAC in the algebraic bordism category A(Z)(X) from 
Definition 6.4 and as such a well-defined element 

sign x ^'(X)eVL n (X) 

called the visible symmetric signature of X over X . 

Now we present another related construction. It will not be needed for the 
definition of the total surgery obstruction, but it will be used in the proof of the 
main theorem. (See Theorem 13.7.) 

Let (f,b): M — > X be a degree one normal map of n-dimensional topological 
manifolds such that X is triangulated. As discussed in Example 3.26 the pair 
(W,M U X), where W is the mapping cylinder of / possesses a structure of an 
(n + l)-dimensional geometric (normal, topological manifold) pair: the spherical 
fibration denoted by v(b) is obtained as the mapping cylinder of b:vu ~> vx and 
the required map as the composition p(b):D n+k+1 — > S n+k x [0,1] ->• Th(v(b)). 
Another way of looking at the pair (W, MUX) is to say that it is an n-simplex in the 
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space £~ 1 f2<^' STOP . Hence via the relative normal construction we can associate 
to (/, b) an (n + l)-dimensional (normal, symmetric Poincare) algebraic pair 

sign NL '< L '(/,&) = (sign NL '(^),sign L, (M) - sign L '(X)) G rr n (F) 

where F := Fiber L*(0) -> NL'(l/2). 

We would like to associate to (/, b), respectively (W, MUX) an (n+l)-dimensional 
(normal, symmetric Poincare) algebraic pair over Z*(X). This is not exactly a rela- 
tive version of the previous definitions since the pair is not Poincare. Nevertheless, 
in this special case we are able to obtain what we want. 

Construction 11.9. Let (f,b):M — > X be a degree one normal map of n- 
dimensional topological manifolds such that X is triangulated. We can assume 
that / is transverse to the dual cell decomposition of X. Consider the dissection 

X = |J X(a) (/, b) = |J (f(a), b{a)) : M{a) -> X{a) 

where each (/(<r), b(a)) is a degree one normal map of (n — |cr|)-dimensional man- 
ifolds (m — |fj|)-ads. We obtain an assignment which to each a G X associates an 
(n + 1 — |er|)-dimensional pair of normal (m — |er|)-ads 

a i ^ ((W(<r), i/(6(o-)), p(6(a))), M(er) U X(<r)). 

These fit together to produce an fl^ -cobordism of H^ TOP -cycles in the sense of 
Definition 8.6, or equivalently a E _1 r2^' STOP -cycle, providing us with an element 

B ign°/ TOP (/ s 6)GH n (A:;E- 1 n^ STOP ) 

Composing with the normal signature map sign NL : tt^ — > NL*(l/2) then pro- 
duces a NL*(l/2)-cobordism, which can be seen as an (n + l)-dimensional (nor- 
mal, symmetric Poincare) pair over Z*(X) 

sign£ L '' L *(/,&) = sign NL, ' L '(sign° /TOP (/,6)) G H n (X;F). 

By applying the homological assembly of Remark 8.18 we obtain the (n + 1)- 
dimensional (normal, symmetric Poincare) pair 

sign NL '< L '(/,6)G7r„(F). 

Remark 11.10. Recall from Example 3.26 the correspondence 

(sign NL '(WO,sign L, (Af) - sign L '(X)) <— ► sign L - (/, b) 

where sign L * (/, b) G L n (Z) is the quadratic signature (=surgery obstruction) of the 
degree one normal map (/, b). Using the relative version of Example 3.26 we obtain 
in this situation an identification of sign^ L L (/, b) with the a quadratic signature 
of Construction 5.12 

sign£ L *< L *(/,&) = signet/, 6) G H n (X; L.(l)). 
12. Definition of s(X) 
Definition 12.1. [Ran92, 17.1] Define 
(12.1) s(X) := d(sign£ L ' (X)) G S n (X). 

Let us have a close look at the (n — l)-dimensional QAC (C,tp) in the cate- 
gory A(Z)(1)*(X) representing s(X). By definition of sign^ L (X) and of the map 
d: VL n (X) — > E> n (X) the subcomplex C(a) is the mapping cone of the duality map 

<p[X(a)]:Z n TC(a) = C n ^ a \D{a)) -> C{a) = C(D(a),dD(a)). 

The quadratic structure ip{cr) is more subtle to describe. It corresponds to the 
normal structure on X(a) via Lemma 3.17. 
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We clearly see that if X is a manifold then the mapping cones of the maps 
(£>LY(<7)] above are contractible and the total surgery obstruction equals 0. If X 
is homotopy equivalent to a manifold then the mapping cylinder of the homotopy 
equivalence provides via the constructions in Construction 11.9 a cobordism from 
(C, ip) to 0. 

13. Proof of the Main Technical Theorem (I) 

Recall the statement. For an rt-dimensional finite Poincare complex X with n > 5 
let t(X) be the image of s(X) under the map S n (X) — > H n -\{X\ L.(l)). Then 
t(x) = if and only if there exists a topological block bundle reduction of the SNF 
Vx ■ The main idea of the proof is to translate the statement about the reduction 
of vx into a statement about orientations with respect to L-theory spectra. The 
principal references for this section are [Ran79, pages 280-292] and [Ran92, section 
16]. 

13.1. Topological surgery theory. 

Before we start we offer some comments about the topological surgery and about 
the bundle theories used. The topological surgery is a modification of the surgery 
in the smooth and PL-category, due to Browder-Novikov-Sullivan-Wall as pre- 
sented in [Bro72] and [Wal99] , by the work of Kirby and Siebenmann as presented 
in [KS77]. This book also discusses various bundle theories and transversality the- 
orems for topological manifolds. From our point of view the notion of a "stable 
normal bundle" for topological manifolds is of prominent importance. As explained 
in Essay III, §1, the notion of a stable microbundle is appropriate and there exists 
a corresponding transversality theorem, whose dimension and codimension restric- 
tions are removed by [FQ90, Chapter 9]. It is also explained that when enough 
triangulations are in sight, one can use block bundles and the stable microbundle 
transversality can be replaced by block transversality. This is thanks to the fact 
that for the classifying spaces we have BSTOP ~ BSTOP. Since for our problem 
we can suppose that the Poincare complex X is in fact a simplicial complex we can 
ask about the reduction of the SNF to a stable topological block bundle. When 
we talk about the degree one normal maps (/,&): M — > X we mean the stable 
microbundle normal data, since we need to work in full generality. 

13.2. Orientations. 

Let E be a ring spectrum. An E- orientation of a Z-oriented spherical fibration 
v.X — » BSG(fc) is an element of u-e(v) S H k (Th(v)\ E) that means a homotopy 
class of maps u-e(v) : Th(^) — > E, where Th(i/) denotes the Thorn spectrum of is, 
such that for each x S X, the restriction u-e(v) x : Th.(v x ) — > E to the fiber v x of v 
over x represents a generator of E*(Th(i/ a; )) = ~E*(S k ) which under the Hurewicz 
homomorphism E*(Th(i/ x )) — >• H*(Th.(vx)', Z) maps to the chosen Z-orientation. 

13.3. Canonical orientations. 

Denote by MSG the Thorn spectrum of the universal stable Z-oriented spher- 
ical fibrations over the classifying space BSC Its k-th space is the Thorn space 
MSG(fc) = Th(7sG(fc)) of the canonical fc-dimensional spherical fibration 7sg(&) 
over BSG(fc). Similarly denote by MSTOP the Thorn spectrum of the universal 
stable Z-oriented topological block bundles over the classifying space BSTOP ~ 
BSTOP. Its fc-th space is the Thorn space MSTOP(fc) = Th( 7sf6 p(fc)) of the 

canonical fc-dimensional block bundle 7 g ,j^p(fc) over BSTOP(fc). There is a map 
J: MSTOP — > MSG defined by viewing the canonical block bundle 7 s fop(fc) as 
a spherical fibration. 
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Both MSG and MSTOP are ring spectra. The multiplication on MSTOP 
is given by the Cartesian product of block bundles. The multiplication on MSG 
is given by the sequence of the operations: take the associated disk fibrations, 
form the product disk fibration and take the associated spherical fibration. Upon 
precomposition with the diagonal map the multiplication on MSTOP becomes the 
Whitney sum and the multiplication on MSG becomes fiberwise join. The map 
J: MSTOP MSG is a map of ring spectra. 

Proposition 13.1. [Ran79, pages 280-283] 

(1) Any k- dimensional Z-oriented spherical fibration a: X — > BSG(fc) has a 
canonical orientation umsg(o) € H k (Th(a); MSG). 

(2) Any k- dimensional Z-oriented topological block bundle /3:X — > BSTOP(/s) 
has a canonical orientation mmstop (/3) € H k (Th(/3); MSTOP). 

Moreover J(umstop(/?)) = mmsg(^)). 

This follows since any spherical fibration (or a topological block bundle) is a 
pullback of the universal via the classifying map. 

13.4. Transversality. 

By transversality one often describes statements which assert that a map from a 
manifold to some space with a closed subspace can be deformed by a small homotopy 
to a map such that the inverse image of the closed subspace is a submanifold. 
Such notion of transversality can then be used to prove various versions of the 
Pontrjagin-Thom isomorphism. For example topological transversality of Kirby- 
Siebenmann [KS77, Essay III] and Freedman-Quinn [FQ90, chapter 9] implies that 
the classifying map induces 

(13.1) c: ft^ TOP ~ MSTOP. 

On the other hand normal transversality used here has a different meaning, 
no statement invoking preimages is required. 17 It just means that there is the 
homotopy equivalence (13.2) below inducing a Pontrjagin-Thom isomorphism. To 
arrive at it one can use the ideas described in [Ran92, Errata]. Recall the spectrum 
Sl^ from section 7. Further recall for a space X with a fc-dimensional spherical 
fibration v: X — > BSG(fc) the space fl^ (X, v) of normal spaces with a degree one 
normal map to (X, v). The normal transversality described in [Ran92, Errata] says 
that the classifying map induces 

c:ft^(X,v) ~ Va{y) 

We have the classifying space BSG(fc) with the canonical fc-dimensional spheri- 
cal fibration 7sg(^)- The spectrum tt^ can be seen as the colimit of spectra 
H^(BSG(fc), 7sg(^))- The normal transversality from [Ran92, Errata] translates 
into homotopy equivalence 

(13.2) ~ MSG. 

There are multiplication operations on the spectra Jl^ TOP and il^ , which make 
the above Pontrjagin-Thom maps to ring spectra homotopy equivalences. These 
operations are given by Cartesian products. However, we will not use this point of 
view later. 

To complete the picture we denote 

(13.3) MS(G/TOP) := Fiber (MSTOP -4 MSG) 



^Although there are some such statements [HV93] , we will not need them. 
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and observe that the above classifying maps induce yet another Pontrjagin-Thom 
isomorphism 

(13.4) £- x fif ' STOP ~ MS(G/TOP). 

Furthermore we have that MS(G/TOP) is a module spectrum over MSTOP and 
similarly £~ 1 ri^ STOP is a module spectrum over J7^ TOP . 



13.5. L-theory orientations. Here we use the signature maps between the spectra 
from section 9 to construct orientations with respect to the L-theory spectra. We 
recall that NL*(l/2) and L*(0) are ring spectra with the multiplication given by 
the products of [Ran80a, section 8] and [Ran92, Appendix B]. The spectrum L. (1) 
is a module over L*(0) again by the products of [Ran80a, section 8] and [Ran92, 
Appendix B]. 

Proposition 13.2. [Ran79, pages 284-289] 

(1) Any k- dimensional 1-oriented spherical fibration a: X — > BSG(fc) has a 
canonical orientation iinl 1 (a) G H k (Th(a); NL"(l/2)). 

(2) Any k- dimensional Z-oriented topological block bundle f3:X — > BSTOP(/s) 
has a canonical orientation uj_,»((3) E Lf fe (Th(/3); L*(0)). 

Moreover J(u L .(/3)) = u N l* (J(P))- 

Proof. These orientations are obtained from maps between spectra using the fol- 
lowing up to homotopy commutative diagram of spectra: 

MSTOP > n s J OP -^L> L'(0) 



MSG ► f NL*(l/2) 

S ign NL * 

where the maps in the left hand part of the diagram are the homotopy inverses of 
the transversality homotopy equivalences. □ 

13.6. 5-duality. 

If A is a Poincare complex with the SNF vx'-X — > BSG(fc) then we have the 
5-duality Th(^x)* — A + producing isomorphisms 

S:H k (Th(v x );NL'(l/2)) = H n (X;NL' (1/2)) 
S : H k (Th(v x ); L*(0)) = H„ (X; L'(0)). 

The following proposition describes a relation between the signatures over A in 
homology, obtained in sections 8 and 11 and orientations in cohomology from this 
section. 

Proposition 13.3. [Ran92, Proposition 16.1.] If X is an n-dimensional geometric 
Poincare complex with the Spivak normal fibration vx ■ X — s> BSG(fc) then we have 

S(^nl-K)) = sign£ L *(X) G ff n (X;NL*(l/2)). 

If vx is a topological block bundle reduction of the SNF of X and (f, b) : M — > X is 
the associated degree one normal map, then we have 

S(ui.(v x )) = sign^'(M) e H n (X;L'(0)). 
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Proof. The identification of the normal signature sign^ L (X) as the canonical ori- 
entation follows from the commutative diagram of simplicial sets 

sign,,* (X) 

E m /x > n N k 



Sing Th(y x ) ► Sing MSG(fc) 

This in turn is seen by inspecting the definitions of the maps in the diagram. The 
upper horizontal map comes from 11.3, the map i from 11.2 and the other two 
maps were defined in this section. Note that the classifying map c is characterized 
by the property that the classified spherical fibration is obtained as the pullback 
of the canonical 7sg along c. But this is also the characterization of the canoni- 
cal orientation umsg^x)- The desired statement is obtained by composing with 
sign NL ":n? ->NL"(l/2>. 

For the second part recall how the degree one normal map (/, 6) associated to 
vx is constructed. Consider the composition S m — > Y/ 71 / X — > Th(Px)- Since vx 
is a stable topological block bundle this map can be made transverse to X and M 
is the preimage, / is the restriction of the map to M and it is covered by a map of 
stable microbundles Vm ~^ vx-, where vm is the stable normal microbundle of M. 
In addition this can be made in such a way that / is transverse to the dual cells of 
X. Hence we obtain a dissection of M which gives rise to the symmetric signature 
sign^- (M) over X as in Construction 5.11. It fits into the following diagram 

fjSTOP 

sm/ _ s iS n x ' (M) nSJ _ op 



Sing Th(u x ) > Sing MSTOP(fc) 

"mstop(i'x) 

The desired statement is obtained by composing with sign 

Suppose now that we are given a degree one normal map (/, b): M — > X be- 
tween n-dimensional topological manifolds with X triangulated. In Construction 
11.9 we defined the (normal, symmetric Poincare) signature sign™ L L (/, b) over 
X associated to (/, b) . In analogy with the previous proposition we would like to 
interpret this signature as an orientation via the S-duality. For this recall first that 
specifying the degree one normal map (/, b) is equivalent to specifying a pair (y, h), 
with v. X — » BSTOP and h; J(v) ~ fx, where in our situation the SNF Vx has 
a preferred topological block bundle lift, also denoted vx, coming from the stable 
normal bundle of X (see subsection 14.7 if needed). The homotopy h gives us a 
spherical fibration over X x I with the canonical orientation u MSG (h) which we 
view as a homotopy between the orientations J(u MSTOP (i/)) and J(u MSTOP (^;ii:))- 
In this way we obtain an element 

u g/top^ ^ e ^(Th^). MS(G/TOP)) 

given by 

M G / TOP (^, h) - (u MSG (h),u MSTOP (v) - u MSTOP ( Vx ))- 
The Pontrjagin-Thom isomorphism (13.4) together with the normal and symmetric 

1VT * T * 1 N STOP 

signature sign ' :£ f2.' provide us with the pair 



u 



"W(y, h) = {u^'{h) : u^{v)-u^{ Vx )) e H k (Th(v x );F). 
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Proposition 13.4. Let (f,b):M—>X be a degree one normal map of n- dimensional 
simply- connected topological manifolds with X triangulated, corresponding to the 
pair (y, h), where v: X — > BSTOP and h: J(v) ~ vx- Then we have 

S{u™W{ V ,h)) = sign^ L ^ L, (/,&) e H n (X;F). 

Proof. The proof is analogous to the proof of Proposition 13.3. Recall that the 
signature sign^ TOP (/, b) is constructed using a dissection of the degree one normal 
map (/, b). Using this dissection we inspect that we have a commutative diagram 

G/TOP,, ,x 

sm _ s 1S n x , E , ln ^TOP 



Sing F(v, v x ) ► Sing MS (G/TOP) (fe) 

where we use the notation MS(G/TOP)(fc) := Fiber (MSTOP(fc) -> MSG(fc)) 
and F(v,vx) := Pullback (Th(V) Th(>x) «- Th(fx))- Composing with the 

1VT * T * i TV STOP 

signature map sign ' : S OL — > F proves the claim. □ 
13.7. Assembly. 

Keep X a Poincare complex with the SNF vx and suppose there exists a topo- 
logical block bundle reduction vx- Recall that orientations with respect to ring 
spectra induce Thorn isomorphisms in corresponding cohomology theories. Hence 
we have Thorn isomorphisms induced by unl*(^a) and uj»{px) an d these are 
compatible. Also recall that although the spectrum L. (1) is not a ring spectrum, 
it is a module spectrum over L*(0), see [Ran92, Appendix B]. Therefore ul'(^x) 
also induces a compatible Thorn isomorphism in L. (l)-cohomology. In fact we have 
a commutative diagram relating these Thorn isomorphisms, the S-duality and the 
assembly maps: 



H°(X; L.{1» = > H k (Th(v x ); L.<1» > H n (X; L.(l» 4 > L n (Z) 

H°(X; L*<0» >■ H k (Th(v x ); L*(0)) > H n (X; L*(0» ► L n (Z) 

g (X;NL'(l/2)) - > g fc (Th(^);NL , (l/2)) - > H n (X; NL*(l/2)) A > NL n (Z) 

If X = S n then the map A: H n (S n ; L.(l)) — > L n (Z) is an isomorphism. This 
follows from the identification of the assembly map with the surgery obstruction 
map, which is presented in Proposition 14.13 and the fact that the surgery obstruc- 
tion map for S n is an isomorphism due to Kirby and Siebenmann [KS77, Essay V, 
Theorem C.l]. We note that Proposition 14.13 is presented in a greater generality 
than needed here. We just need the case when X — S n and so it is a manifold and 
hence the degree one normal map (/o, 6o) in the statement of Proposition 14.13 can 
be taken to be the identity on S n , which is the version we need at this place. 

Further observe that all the homomorphisms in the diagram are induced homo- 
morphisms on homotopy groups by maps of spaces, see definitions in sections 7, 8 
for the underlying spaces. 

13.8. Classifying spaces for spherical fibrations with an orientation. 

Let E be an Omega ring spectrum with 7i"o(E) = Z and recall the notion of 
an E-orientation of a Z-oriented spherical fibration a:X — >• BSG(fc). In [May77] a 
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construction of a classifying space BEG for spherical fibrations with such a structure 
was given. The construction is not so important for us. Of more significance is a 
description of what it means to have a map from a space to one of these classifying 
spaces. If X is a finite complex then there is a one-to-one correspondence between 
homotopy classes of maps qe^^ BEG and homotopy classes of pairs (a, me (a)) 
where a: X —> BSG(/c) and Ue(cx) ■ Th(a) — > E& is an E-orientation of a. 

Proposition 13.5. There is a commutative diagram 

BSTOP Slg " : BL*(0)G 



BSG + BNL'(1/2)G 

nl' 

sign 

Proof. This follows from Proposition 13.2. □ 

We need to study what orientations do there exist for a fixed spherical fibration 
a:X — > BSG(/c). Denote by E® the component of 1 G Z in any Omega ring 
spectrum E with 7r (E) = Z. Then there is a homotopy fibration sequence [May77, 
section III. 2] 

(13.5) E 8 4 BEG -> BSG 

The map i can be interpreted via the Thorn isomorphism. Let c : X — > Eg be a 
map. Then i(c) : X — > BEG is the map given by the trivial fibration e : X — >• BSG(fc) 
with an E-orientation given by the composition 

u B (i(c)) : Th(e) X+ A Th(e) CAS " (1) ) E^ A E fe -> E fc 

We will use the spectra L'(0) and NL*(l/2), which are both ring spectra with 
ttq = Z. We will need the following proposition. 

Proposition 13.6. There is the following homotopy fibration sequence of spaces 

L (l> -> BL*(0)G -)• BNL*(1/2)G 

Proof. Consider the sequences (13.5) for the spectra L"(0) and NL*(l/2) and the 
map between them. The induced map between the homotopy fibers fits into the 
fibration sequence 

(13.6) L (l) ^L^(O) ->NL®(l/2> 

which is obtained from the fibration sequence of Proposition 9.5 (more precisely 
from the space-level version of it on the 0-th spaces) by replacing the symmetrization 
map (1 + T) : L (l) — > L°(0) by the map given on the i-simplices as 

(1+T)®:L (1) ^L®(0) 

(C, if,) H- (1 + T)(C, + (C(A l ), <p([A 1 ])). 

Its effect is to map the component of (which is the only component of Lo(l)) 
to the component of 1 in L°(0) instead of the component of 0. The proposition 
follows. □ 

13.9. L-theory orientations versus reductions. 

The following theorem is a crucial result. 

Theorem 13.7. [Ran79, pages 290-292] There is a one-to-one correspondence 
between the isomorphism classes of 

(1) stable oriented topological block bundles over X , and 
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(2) stable oriented spherical fibrations over X with an li*(0)-lift of the canonical 
NL* (1/2) -orientation 

Proof. In Proposition 13.5 a map from (1) to (2) was described. To prove that 
it gives a one-to-one correspondence is equivalent to showing that the square in 
Proposition 13.5 is a homotopy pullback square. This is done by showing that the 
induced map between the homotopy fibers of the vertical maps in the square, which 
is indicated by the dashed arrow in the diagram below, is a homotopy equivalence. 

G/TOP- g -- L -% L (l) 
BSTOP SiS " L > BL'(0)G 

,7 J 

BSG ^BNL'(1/2)G 

sign NL * 

For this it is enough to show that it induces an isomorphism on the homotopy 
groups, that means to show 

sign NL *' L ' : [S";G/TOP] [S n ;h {l}]. 

Recall that since S n is a topological manifold with the trivial SNF we have a 
canonical identification of the normal invariants 

[5";G/T0P] = Af(S n ) ((a,H):S n -> G/TOP) H- ((f,b):M -> S n ) 

where a: S n -> BSTOP and H = J {a) ~ e : S n x [0, 1] BSG is a homotopy to a 
constant map and (/, 6) is the associated degree one normal map. 
On the other side we have 

A(S(t(-))): [S n ;L (l>] = H Q (S n ; L.{1)) = H n (S n ;L.(l)) - L„(Z). 

It is well known that the surgery obstruction map sign^* : J\f(S n ) — > L n (Z) 
from Definition 2.32 is an isomorphism for n > 1 [KS77, Essay V, Theorem C.l]. 
Therefore it is enough to show that 

A(S(i(sign^'^' (a, H)))) = sign^ (/, b). 

Denote 

(J(a), u L . (a)) = sign L * (a) (if, WNL . (U)) = sign NL * (#). 

Now we need to describe in more detail what the identification of the homotopy 
fiber of the right hand column map means. That means to produce a map 

ui.{a,H):S n ^ L (l). 

from ( J(a), wl« (a)) and (H, mnl* (H)). The spherical fibration J(a) is trivial be- 
cause of the null-homotopy H and therefore we obtain a map ul« (a) : S n — > L® (0) 
such that i(ui,'(a)) = ( J (a), ml« (ch)). 

Similarly the homotopy (#, u NL . (i?)) : 5" x [0, 1] ->• BNL*(1/2)G yields a ho- 
motopy iiiw(H):S n x [0,1] -> NL®(l/2) between J(u L »(a)) and the constant 
map. 

The pair (unl* (-ff)j (a)) produces via the homotopy fibration sequence (13.6) 
a lift, which is the desired Ul. (a, H). So we have 

[sign NL, < L >,#)] = [fi L .(a,fl)] £ [5";L (1)] 

and we want to investigate A(S , (i(uL. (a, H)))). Recall now the commutative dia- 
gram from subsection 13.7. It shows that A{S{i{u\ J% (a, H)))) can be chased via the 
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lower right part of the diagram. Here we consider maps from S n and S n x [0, 1] to 
the underlying spaces in this diagram rather than just elements in the homotopy 
groups. 

Observe first, using Definition 8.11, Example 6.2 and Proposition 13.3, that the 
assembly of the S'-dual of the class ml* (a) is an n-dimensional SAPC sign L (M) 
over Z. 

Secondly, by Construction 11.9 and Proposition 13.4, the assembly of the 5-dual 
of the class unl* (ff) is an (n + l)-dimensional (normal, symmetric Poincare) pair 

(13.7) (sign NL * (W), sign L * (M) - sign L * (S n )) 

over Z, with W = cyl(/). We consider this as an element in the n-th homotopy 
group of the relative term in the long exact sequence of the homotopy groups 
associated to the map L®(0) — > NL®(l/2). This group is isomorphic to L„(Z) by 
the isomorphism of Proposition 3.21. The effect of this isomorphism on an element 
as in (13.7) is then described in detail in Example 3.26. It tells us that the n- 
dimensional QAPC corresponding to (13.7) is the surgery obstruction sign L *(/, b). 
Finally we obtain 

A(S(i(u u (a,H)))) = sign L -(/,6) G L„(Z) 
which is what we wanted to show. □ 
Recall the exact sequence: 

>H n (X;L'(0)) ►tf n (A-;NL'(l/2» > H n _ x (X; L.(l)) >■■■ 

Putting all together we obtain 

Corollary 13.8. Let X be an n-dimensional geometric Poincare complex with the 
Spivak normal fibration i>x '■ X — > BSC Then the following are equivalent 

(1) There exists a lift Vx-X—^ BSTOP of i>x 

(2) There exists a lift of the normal signature sign^ L (X) G H n {X\ NL*(l/2)) 
in the group H n (X; L*(0)). 

(3) = t(X) eif„_i(X;L.(l». 

14. Proof of the Main Technical Theorem (II) 

Let X be a finite n-dimensional GPC and suppose that t(X) = so that the 
SNF vx has a topological block bundle reduction and hence there exists a degree 
one normal map (/, b) : M — > X from some n-dimensional topological manifold 
M. We want to show that the subset of L„(Z[7Ti(X)]) consisting of the inverses 
of the quadratic signatures of all such degree one normal maps is equal to the 
preimage of the total surgery obstruction s(X) G §„(X) under the boundary map 
9:L n (ZMX)])^S n (X). 

Let us first look at this map. Inspecting the first of the two commutative 
braids in section 10 we see that it is in fact obtained from the boundary map 
d: L n (A(Z)(X)) — > S„(X) using the algebraic 7r-7r-theorem of Proposition 6.6. This 
map is more suitable for investigation since both the source and the target are the 
L-groups of algebraic bordism categories over the same underlying additive category 
with chain duality, which is Z*(X). 

On the other hand there is a price to pay for this point of view. Namely, in 
the present situation we only have the quadratic signatures sign^'^^^ x ^(f,b) as n- 
dimensional QAPCs over the category Z[7Ti(A)], but we need a quadratic signature 
sign x * (/, b) over the category Z*(X). 18 A large part of this section will be devoted 



18 As shown in Construction 5.12 in case X is a triangulated manifold we have such a signature 
but here X is only a Poincare complex with t(X) = 0. 
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to constructing such a quadratic signature, it will finally be achieved in Definition 
14.11. More precisely, we define the quadratic signature 

sign£(/,&)eL n (A(Z)(JO) 

represented by an n-dimensional QAC in the algebraic bordism category A(Z)(X) 
from Definition 6.4, that means an n-dimensional quadratic complex over (A) 
which is globally Poincare, such that it maps to sign^*,^, (/, b) under the isomor- 
phism of the algebraic 7r-7r-theorem. We emphasize that in general the quadratic 
signature sign^*(/, b) does not produce an element in ff„(X,L # (l}) since it is not 
locally Poincare. 

Granting the definition of sign^* (/, b) the proof of the desired statement starts 
with the obvious observation that the preimage d~ 1 s(X) is a coset of ker(9) = 
im(j4), where A: H n (X;L m (l)) — > L n (Z[7Ti(X)]) is the assembly map. Then the 
proof proceeds in two steps as follows. 

(1) Show that the set of the inverses of the quadratic signatures sign^-* (/, b) of 
degree one normal maps with target A" is a subset of d~ 1 s(X) and hence 
the two sets have non-empty intersection. 

(2) Show that the set of the inverses of the quadratic signatures sign^-* (/, b) of 
degree one normal maps with target A is a coset of ker(<9) = im(A). Hence 
we have two cosets of the same subgroup with a non-empty intersection 
and so they are equal. 

The definition of sign^* (/, b) and Step (1) of the proof are concentrated in sub- 
sections 14.1 to 14.4. The main technical proposition is Proposition 14.4 which says 
that the boundary of the quadratic signature of any degree one normal map from 
a manifold to A is s(A). 

Step (2) of the proof is concentrated in subsections 14.5 to 14.11. It starts 
with an easy corollary of Proposition 14.4 which says that although, as noted 
above, sign^*(/, b) does not produce an element in H n (X, L.(l}), the difference 
sign^-* (/, b) — sign^* (/o, bo) for two degree one normal maps does produce such an 
element. Therefore, fixing some (/o,&o) and letting (/, b) vary provides us with a 
map from the normal invariants Af(X) to H n (X, L.(l}). The main technical propo- 
sition is then Proposition 14.13. Via the just mentioned difference map it identifies 
the set of the quadratic signatures of degree one normal maps with the coset of the 
image of the assembly map containing sigrigr^ /^^(/o, bo)- 

The principal references are: for Step (1) [Ran81, sections 7.3, 7.4] and for Step 
(2) [Ran79, pages 293-298] and [Ran92, section 17]. 

14.1. A general discussion of quadratic signatures over A. 

As noted above, in case A is a triangulated manifold, we have Construction 
5.12 which produces from a degree one normal map (/,&): M — s> A a quadratic 
signature sign^"(/, 6) e H n (X, L.(l)). Let us first look at why it is not obvious 
how to generalize this to our setting. The idea in 5.12 was to make / transverse to 
the dual cells of A and to consider the restrictions 

(14.1) (/(a), b{a)) : (M(a),dM(cr)) (D(a), dD(a)). 

These are degree one normal maps, but the target (D(a),dD(a)) is only a normal 
pair which can be non-Poincare. Consequently we cannot define the Umkehr maps 
/(<t) ! as in 5.12. 

We need an alternative way to define the Umkehr maps. Such a construction is a 
relative version of an absolute construction whose starting point is a degree one nor- 
mal map (g,c): N Y from an n-dimensional manifold N to an n-dimensional nor- 
mal space Y. In this case there is the normal signature sign NL (Y) e AL n (Z) with 
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boundary <9sign NL (Y) £ L n -i(Z). In Definition 14.5 below, we recall the definition 
of a quadratic signature sign L * (g, c) in this setting, which is an n-dimensional QAC 
over Z, not necessarily Poincare. 19 As such it has a boundary, which is an [n — 1)- 
dimensional QAPC over Z, and hence defines an element <9sign L * (g, c) € L„_i(Z). 
The following proposition describes the relationship between these signatures. 

Proposition 14.1. [Ran81, Proposition 7.3.4] Let (g,c):N^>Y be a degree one 
normal map from an n-dimensional manifold to an n-dimensional normal space. 
Then there are homotopy equivalences of symmetric complexes 

h:dsign L '(g,c) A — (1 + T)<9sign NL * (Y) 

and a homotopy equivalence of quadratic refinements 

h : <9sign L « (g, c) ^ -3sign NL " (Y). 

Remark 14.2. Recall the situation in the case Y is Poincare. Then there is defined 
the algebraic Umkehr map g':C*(Y) — > C*(N) and one obtains the symmetric 
signature sign L (g,c) with the underlying chain complex the algebraic mapping 
cone C(g). This can be further refined to a quadratic structure sign L * (g, c). In 
addition one has (see Remark 2.33) 

C{g')®C,(Y) ~ C7*(A0 and sign L * (g, c) © sign L * (Y) = sign L '(A). 

In the situation of Proposition 14.1 one obtains instead the formula 

sign L * (AO ~ sign L * (g, c) U h sign L * (Y). 

where denotes the algebraic gluing of symmetric pairs from [Ran80a, section 3] . 

Before going into the proof of Proposition 14.1 remember that we still need its 
relative version. For that again some preparation is needed. In particular we need 
the concept of a boundary of a symmetric pair. Let (f'.C — > D, (8(p,<p)) be an 
(n+ l)-dimensional symmetric pair which is not necessarily Poincare. Its boundary 
is the n-dimensional symmetric pair {df:dC — > d-\-D,d+5tp,dtp)) with the chain 
complex 

0+B = C((*7.) :D n+1 -* -+C(f)). 

defined in [MR90]. It is Poincare. Similarly one can define the boundary of a 
quadratic pair, which is again a quadratic pair and also Poincare. Finally the 
boundary of a normal pair is a quadratic Poincare pair. 

Given ((g,c),(f,b)): (N,A) — > (Y,B) a degree one normal map from an n- 
dimcnsional manifold with boundary to an 7i-dimcnsional normal pair, there are 
relative versions of the signatures appearing in Proposition 14.1 that are defined in 
Definition 14.9 and Construction 14.8 below. Their relationship is described by the 
promised relative version of the previous proposition: 

Proposition 14.3. Let ((g, c), (/, b)) : (N, A) — > (Y, B) be a degree one normal map 
from an n-dimensional manifold with boundary to an n-dimensional normal pair. 
Then there are homotopy equivalences of symmetric pairs 

h : dsign L * ((<?, c), (/, b)) ^ -(1 + T)0sign NL * (Y, B) 

and a homotopy equivalence of quadratic refinements 

/i :5sign L - (( 5 , c), (/,&)) ^ -dsign NL# (Y, B). 



The terminology "signature" is perhaps not the most suitable, since we do not obtain an 
element in an L-group. It is used because this "signature" is defined analogously to the signatures 
of section 2. 
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Finally recall that our aim is to prove a certain statement about quadratic chain 
complexes in the category A(Z)(1)(X). Generalizing the definitions above one 
obtains for a degree one normal map (/, 6) : M — > X from an n-dimensional manifold 
to an n-dimensional Poincare complex the desired quadratic signature sign x * (/, b) 
in Definition 14.11. Its relationship to the normal signature of X over X, which 
was already discussed in section 11, is described in the following proposition, which 
can be seen as a global version of Proposition 14.3: 

Proposition 14.4. [Ran92, page 192] Let (f,b):M — s- X be a degree one normal 
map from an n-dimensional manifold to an n-dimensional Poincare complex. Then 
there is a homotopy equivalence of symmetric complexes ewer Z* (A) 

h:d S ign%(f,b) ^ -(1 + T)3sign£ L, (X), 

a homotopy equivalence of quadratic refinements over Z*(A) 

h: dsign^'i f,b) ^-t>sign£ L '(A) 

and consequently a homotopy equivalence 

h:dsigr& (f,b) ^ -dsign^'PO = -s(X). 

In the following subsections we will define the concepts used above and provide 
the proofs. 

14.2. Quadratic signature of a degree one normal map to a normal space. 

Recall that the quadratic construction 2.16 was needed in order to obtain the 
quadratic signature sign L * (/, b) of a degree one normal map (/, b) : M — > X from an 
n-dimensional manifold to an n-dimensional Poincare space. To define sign * (g, c) 
for a degree one normal map (g, c) : N — > Y from an n-dimensional manifold to an 
n-dimensional normal space we need the spectral quadratic construction 3.24. 

Definition 14.5. [Ran81, Proposition 7.3.4] Let (g, c) : N — > Y be a degree one 
normal map from a Poincare complex N to a normal complex Y. The quadratic 
signature of (g, c) is the n-dimensional QAC 

sign L '( 5 ,c) = (C,ip) 

which is not necessarily Poincare, obtained from a choice of the Thorn class u(vy) £ 
C k (Th(v Y )) as follows. 

Consider the commutative diagrams 

C n ~*(N) — C n -*{Y) Th(^jv)* ThOy)* 



MN))o 



(#))o 



C(N) > CCY) > T.PY+ 

The maps T_ in the right diagram are obtained using the S-duality as in Construc- 
tion 3.6. In fact using the properties of the S'-duality explained in Construction 3.6 
we see that the left diagram can be considered as induced from the right diagram 
by applying the chain complex functor C*+ p (— ). 

Set g- = (ip(N)) og* and define C = C(g ) and ip = &(u(vy)*), where * denotes 
the spectral quadratic construction on the map Tn ° Th(c)*. 

Also note that by the properties of the spectral quadratic construction we have 

(l + TW = e pfo>(J\0) 
where e„< : C(N) —> C(g l ) is the inclusion. 
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For the proof of Proposition 14.1 we also need an additional property of the 
spectral quadratic construction. 

Proposition 14.6. [Ran81, Proposition 7.3.1. (v)] Let F:X — > Y, P Y and 
F' : X' — > YPY' be semi-stable maps fitting into the following commutative dia- 
gram 

F 



X 



X'- 



->YPY 



inducing the commutative diagram of chain complexes 



T,-PC(X) 



I 



+ C(Y) 



ax 



r 



' 9Y 
> g x . 



S-fC(X') — '—> C(F') — =-> C(/') 

T/ien the spectral quadratic constructions of F and F' are related by 

*(F') o 5X = ( % g ° x ) % o + (e')% o ^(Gy) o / 

where 4 r (— ) andtp(-) denote the (spectral) quadratic constructions on the respective 
maps. 

Proof of Proposition lJ^.l. For ease of notation, let 

- sign L '(.g,c) = (C(g'), ip(g 1 )), 

- si g n NL '(r) = (c7(r)>(r)), 

and set 

- dsign L *( 5 ,c) = (dC( 5 ! ),^( 5 ! )), 

- <9sign NL '(r) = (0C(Y),0^(y)). 

Consider the following commutative diagram where all rows and columns are 
cofibration sequences (the diagram also sets the notation ji, q g and e g \ ) 







-¥ C(Y) r 



(14.2) 



s- x c( 5 ) 



'1,, 



-*C(Y) n -* 
-^C{Y) 



id 



We obtain a homotopy equivalence, say h':C(fi) ^> C(<p(Y~)o) — Si9C(F). Inspec- 
tion shows that C(g') n ~* ~ T,~ 1 C(g) and that under this homotopy equivalence the 
duality map y(<7')o is identified with the map /i. Hence we have 

(14.3) ey o 5 = ti o e v(ff ! )o o e g i 

where e v(ff!)o : C(er) ->• EdC(# ! ) and e Y :C{Y) -> £<9C(y) are the inclusions. We 
also obtain a commutative braid of chain complexes, which we leave for the reader 
to draw, with chain homotopy equivalences 

h:dC{g )^dC{Y) and ti : C(^(g%) ~ C( M ) ^ C(^)o) 

which are related by /i' = — thanks to the sign conventions used for definitions 
of mapping cones and suspensions. 
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Next we consider the symmetric structures. Recall that, by definition we have 
. i ,i vu 1 .,\'w — . i ~i\-v\ Further we have 



e 'k a ') a ° e *MN)), and S(dcp(Y)) = 4{ V {Y)). 



g % ((f(N)) = tp(Y) and hence 



(h') % S(dip(g 1 ))) = S(d<p{Y)). 

By the injectivity of the suspension we also have h % (dip(g)) = —dip(Y). 

Finally we study the quadratic structures. Set 9sign NL (Y) = (dC(Y),dip(Y)), 
sign * (g, c) = (dC(g'),dip(g')). Recall that the spectral quadratic constructions are 
employed to define the quadratic structures dip(Y) and dtp(g'). By properties of the 
5-duality the semi-stable maps used in these constructions fit into the commutative 
diagram 



(14.4) 



r N oTh( 



£ p 9 



which in fact induces the upper right part of the Diagram (14.2). By Proposition 
14.6 the spectral quadratic construction applied to the maps Ty, Tjv ° Th(c)* and 
£ p (? + satisfy the following relation 

= (g ?)% *( r ^v ° Th(c)*) + (e ga ) % o ^g + )o 9F 

where the symbols in the brackets specify the map to which the (spectral) quadratic 
constructions are applied. However, the map T, p g + comes from the map g: N — > Y 
and so ?p(Y> p g+) = 0. This leads to the commutative diagram 



*(rjvoTh(c)*) 

c n+p {Th{vYY) — ^ (w % (c(g-)))n 



(14.5) 



*(r>) 



'g0\ = 
,o i ) % 

{w % (c(<p(y) ))) n 



„ iy % -( h ' oe ^( g ') ) 



The identification of the vertical map comes from Diagram (14.2) and equation 
(14.3). Hence we obtain that 

h' % (Sd^(g 1 )) = h' % o ( W)o ) % (SV-( 5 ! )) = {h! o e<pW)o ) % *(r N o Th(c)*)(tiK)*) = 

= *{r Y )(u(Vy)*) - SdlP(Y). 

The uniqueness of desuspension as presented in Construction 3.25 yields the desired 



h%{d^{g-)) = -my) 



thanks again to h' — —T,(h). 



□ 



14.3. Quadratic signature of a degree one normal map to a normal pair. 

Now we aim at proving Proposition 14.3, which is a relative version of the propo- 
sition just proved. First we need a relative version of Definition 14.5. For that we 
need to know how to apply the spectral quadratic construction in the relative setting 
and for that, in turn, how to apply S'-duality in the relative setting. 

Construction 14.7. [Ran81, Proposition 7.3.1] Let (G, F) : (X, A) — > TP{Y,B) 
be a semi-stable map between pointed pairs. Consider the following diagram of 
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induced chain maps 



C(A) P , 



+ C{B) >C(f) 



->C(Y) >C{g) 



C(- 5 0p+* ' 

The relative spectral quadratic construction on (G, F) is a chain map 



*:E-*C(X,^)— >C((7,»)%) 



such that 



(l+T)o$ = e«o V o( 5 ,/) 



where <p: C(Y, B) — > C(j % ) is the relative symmetric construction on (Y, B) (Con- 
struction 2.20) and e % :C(j % ) — > C((j,i) % ) is the map induced by the right hand 
square in the diagram above. The existence of follows from the naturality of the 
diagram in Construction 3.24. 

The 5-duality is applied to normal pairs as follows. Recall that an (n + 1)- 
dimensional geometric normal pair (Y, B) comes with the map of pairs 

-fe+l QTL-\-k\ 



{ PY ,p B ):{D r 



\S r ' 



(Th(iv),Th(*/ B )) 



In the absolute case the map p composed with the diagonal map gave rise to a map 
r which was the input for the spectral quadratic construction. Now we have three 
diagonal maps producing three compositions: 

S n+k pb^ xh(i/s) A B+ A Th(v B ) 

S n +k+1 PyJpb^ Ttyyy)/Th{UB) A Y+ A Th(ty)/Th(i/ B ) 

S n+k+1 Th(i/y)/Th(i/ B ) A Y/B A Th(iv) 

These induce three duality maps which fit into a commutative diagram as follows: 

E-^j/b)* — ^ (Th(i^)/Th(i/ B ))* > Th(vy)* > Th(v B )* 



(14.6) 



YPB — 



-> EPF 



-> YP{Y/B) 



T B 

-> YP +1 B. 



Construction 14.8. The quadratic boundary of the normal pair (Y,B) is an n- 
dimensional QAPP 

<9sign NL * (Y, B) = (dC(B) -> d+C(Y), (ij)(Y),ij}(B))) 

obtained by applying the relative spectral quadratic construction on the pair of 
maps (ry,E _1 rB) with (ip(Y),t/}(B)) the image of u{v>{Y))* G C(Th(^)*) n+p 
under 

*:E-*C(Th(i^)*)->C((j,*)%) 
where i and j are as in Diagram (14.6). 

Definition 14.9. Let ((g, c), (/, b)) : (N, A) —> (Y, B) be a degree one normal map 
from a Poincare pair (N,A) to a normal pair (Y, B) of dimension (n + 1). The 
quadratic signature of ((<?,c), (/, 6)) is the n-dimensional quadratic pair 

sign L « ((g, c), (/, 6)) = (j :C -t D, (<ty>, VO) 

which is not necessarily Poincare, obtained from a choice of the Thorn class u(i/y) 
as follows. 
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The S'-duality produces a commutative diagram 

r A oTh(fe)* 

£f>A+ i [ —— E- 1 Th(z/ s ) 



EPN+ « (Th(uy)/Tb.(v B )y 



inducing the diagram of chain complexes 



C(A)< — C n -*(B) 



C{N) < — — C n+1 ~*{Y : B) 
a 

Define C = C(/ ! ), D = C(g') and (dip,ip) = *(u(z/y)*), where the spectral 
quadratic construction is on the pair of maps (rV ° (Th(c)/Th(6))*, Ta ° Th(6)*). 

Proof of Proposition 14-3. The proof follows the same pattern as the proof of Propo- 
sition 14.1. With the notation of Construction 14.8 and Definition 14.9 one first 
observes that we have a homotopy equivalence of pairs 

(dh -> h) : (dC(B) d+C(Y)) ^(j:C^D) 

by studying a map of diagrams of the same shape as Diagram (14.2). For the 
symmetric structures observe that the homotopy equivalence (dh —> h) satisfies an 
equation analogous to (14.3) and again use the naturality. Finally to obtain the 
desired equivalence of quadratic structures there is a again a map of commutative 
squares of the form as in Diagram (14.4). A diagram chase shows that the relative 
spectral construction satisfies a formula analogous to the one appearing in Proposi- 
tion 14.6. This leads to a diagram analogous to Diagram (14.5). As in the absolute 
case unraveling what it means and using the desuspension produces the desired 
equation. □ 

Remark 14.10. Just as explained in section 5 the relative version just proved has 
a generalization for fc-ads. 

14.4. Quadratic signature over I of a degree one normal map to A. 

Now we want to prove Proposition 14.4. The preparation starts with discussing 
sign™ L (A) for an n-dimensional GPC. This was defined in section 11 by first 
passing to sign^* (A) and then applying the spectrum map sign NL : Sl^ — > NL* 
from [Wei85b]. By the proof of [Wei85b, Theorem 7.1] the spectrum map sign NL 
composed with the boundary fits with the quadratic boundary construction as 
described in subsection 3.1, so we can think of 9sign^ L (A) as a collection of 
(ri — |cr|)-dimensional quadratic (m — |er|)-ads indexed by simplices of A which 
fit together and are obtained by the relative spectral construction described in 
Construction 14.8. 

Definition 14.11. Let (/, b): M — > X be a degree one normal map from a closed 
ri-dimensional topological manifold to an n-dimensional GPC. Make / transverse 
to the dual cell D(a, A) for each a e A so that we have a degree one normal map 

(f[a],f[da]):(M[o-},dM[o-}) -> (A [a], dX[a]) 

from an (n — |er|)-dimensional manifold with boundary to an (n — |cr|)-dimensional 
normal pair. Define the quadratic signature over X of (/, b) to be the element 

sign£(/,&)€L n (A(Z)(X)) 
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represented by the n-dimensional QAC (C,ip) in A(Z)(X) whose component over 
a G X is the relative quadratic signature 

sign L '((/(a),&(a)),d(/(a),^ 
obtained as in Definition 14.9. The resulting element is independent of all the 
choices. 

Proof of Proposition 14-4- I n order to prove the proposition it is necessary to prove 
that one has homotopy equivalences as in the statement but for each simplex and 
so that they fit together. However, for each simplex this is exactly the statement 
of Proposition 14.3. Since one can proceed inductively from simplices of the top 
dimension to smaller simplices the homotopy equivalences can be made to fit to- 
gether. 

To obtain the last homotopy equivalence recall that X is an n-dimensional 
Poincare complex and hence the same complex that defines the normal signature 
defines the visible signature over X, see section 11 if needed. □ 

14.5. Identification of the quadratic signature with the assembly. 

Now we proceed to Step (2) of the proof of the Main Technical Theorem part (II). 
We first state the following preparatory proposition which describes what happens 
when we consider the difference of the quadratic signatures of two degree one normal 
maps. 

Proposition 14.12. Let (fi,bi) : Mi — > X with i = 0, 1 be two degree one normal 
maps from n-dimensional topological manifolds to an n-dimensional GPC. Then 
the difference of their quadratic signatures over Z*(X) is an n-dimensional QAC 
in the algebraic bordism category A(1)(Z)*(A) and hence represents an element 

sign^CA^O-sign^'C/c&o) G H n (X; L.(l». 

Proof. A quadratic chain complex in Z*(X) is an n-dimensional QAC in the al- 
gebraic bordism category A(1)(Z)*(A) if and only if it is locally Poincare which 
is equivalent to saying that its boundary is contractible. So it is enough to prove 
that the two quadratic complexes representing sign^* (/j, bi) have homotopy equiv- 
alent boundaries. This follows from Proposition 14.4 since they are both homotopy 
equivalent to — <9sign™ L (X). □ 

The degree one normal maps with the target X are organized in the normal 
invariants M(X). The above proposition tells us that the quadratic signature over 
X relative to (/o, 6o) defines a map 

(14.7) sign^(-,-)-sign^(/o,6 ):Ar(X) F„(X;L.<1». 

The following proposition is the main result in the proof of Step (2). It says that for 
X an n-dimensional Poincare complex such that t(X) = the surgery obstruction 
map sign^'^^j :J\f(X) — > L„(Z[7Ti(A)]) can be identified with the assembly map. 
When X is already a manifold the map (fa, bo) can be taken to be the identity. 

Proposition 14.13. [Ran79, pages 293-297], [Ran92, proof of Theorem 17.4] 
Let X be an n-dimensional GPC with tt — tti(x) such that t(X) — and let 
(/o, bo) : Mo — S- X be any choice of a degree one normal map. Then the diagram 

M{X) — ^ ^ ► L n (Z[7n(X)]) 

signx* (->-)-sign^* (/o,f>o) - 

tf„(X;L.(l» >Z n (Z[7Ti(X)] 



is commutative and the left vertical map is a bijection. 
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Overview of the proof. 

To see the commutativity consider (/, b) : M — > X a degree one normal map 
from an n-dimensional manifold to an n-dimensional Poincare complex X and 
A: A(X) — > A(Z[7Tipf )]) the assembly functor. Then we have 

A(sign£ (/,&)) = sign^; i(x)]) (/ ; 6) e L n (A(Z[7ri(X)])) 

since the assembly corresponds to geometric gluing, see Remark 8.18. 

We are left with showing that the left hand vertical map is a bijection which 
will be done by identifying this map with a composition of four maps which are all 
bijections. In order to save space we will abbreviate (using xo for (/o, 60)) 

signjf" ("J x o) ■= sign^* (-, -) - sign^' (/ , b ) 
The strategy of the proof can be summarized in the following diagram: 



Afpf) = >Af(X) 




Some of the maps in the diagram have been defined already, the remaining ones 
will be defined shortly. We will show that those marked with = are bijections or 
isomorphisms. Once this is done it is enough to show that the left hand part of 
the diagram is commutative, because then we have indeed identified sign^-* (— ; xq) 
with a composition of four bijections. The commutativity of the left hand part will 
be shown by proving that: 

(a) the outer square commutes in subsection 14.6, 

(b) the middle part commutes in subsection 14.10, 

(c) the right hand part commutes in subsection 14.11. 

The intermediate subsections contain the necessary definitions. □ 

14.6. Proof of (a) - Quadratic signatures versus normal signatures. 

Recall that for a degree one normal map (/, b) : M — > X from an n-dimensional 
manifold to an n-dimensional GPC we have two ways how to obtain its quadratic 
signature over Z[iri(X)}. Namely via the Umkehr map /' as in Construction 2.16 
or via the normal structure on the mapping cylinder W as in Example 3.26. It was 
further shown in Example 3.26 that these two constructions yield the same result. 
In subsection 14.4 we have defined the quadratic signature of (/, b) over Z* (X) 
using Umkehr maps providing an analogue to Construction 2.16. Here we provide 
an analogue to Example 3.26 over Z*pf). 

Example 14.14. This is a generalization of the results of subsection 3.1. Let us 
consider a degree one normal map (g, c) : N — > Y from an n-dimcnsional manifold to 
an n-dimcnsional GNC. We obtain an (n + l)-dimcnsional normal pair (W, N LAY) 
where W is the mapping cylinder of /. However, in contrast to the situation in 
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Example 3.26, the disjoint union NUY is no longer a Poincare complex. Therefore 
the associated algebraic normal pair 

(sign NL * (W), sign L * (N) - sign NL * (Y)) 

does not have a Poincare boundary. Nevertheless we can still perform algebraic 
surgery on this pair, just as in Lemma 3.22 and thanks to the spectral quadratic 
construction the result of the surgery is an n-dimensional quadratic complex, which 
however, will not be Poincare. The proof from Example 3.26 translates almost 
word-for-word to an identification of this quadratic complex with sign L * (g, c) from 
Definition 14.5 (the only difference being the fact that the map ifioW is no longer 
an equivalence). In symbols we have 

(14.8) Lemma 3.22 : (sign NL * (W), sign L * (N) - sign NL * (Y)) ^ sign L « (g, c). 

Using the relative version of iS-duality and of the spectral quadratic construction 
from earlier in this section one also obtains a relative version of this identification. 

Example 14.15. Starting now with a degree one normal map (/, 6) : M — > X from 
an n-dimensional manifold to an n-dimensional GPC consider the dissection 

X = |J X(a) (/, b) = |J (/(a), b(a)) : M{a) -> X{a) 

where each (/(c), b{o~)) is a degree one normal map from an (n — \a\) -dimensional 
manifold (m — |cr|)-ad to an (n — |(r|)-dimensional normal (m — |<r|)-ad. As such it 
gives rise to an (n + 1 — |cr|)-dimensional pair of normal (m — |<j|)-ads 

(W(a),u(b(a)),p(b(a))). 

Applying Example 14.14 shows that the quadratic chain complex over Z*(X) ob- 
tained this way coincides with the quadratic signature sign x * (/, b) from Definition 
14.11. 

The following Lemma is a generalization of ideas from Construction 11.9. In its 

t i STOP 

statement a use is made of the quadratic signature map sign * : E fi. ' — > 
L.(l) from Proposition 7.10. 

Lemma 14.16. Let Xi = (/j,6j):Mj — > X with i = 0, 1 be two degree one normal 
maps from n-dimensional topological manifolds to an n-dimensional GPC. Then 
there exists a G/TOP -signature 

Sign x {XijXo) S Jijj^A , Zj il m ) 

such that 

signer (h,h) -sign.^*(/ ,6o) = sign L ' (sign5 /T ° P (xi, x )) € H n (X;L.{l)). 

Proof. Consider the dissections of -4 J as in Example 14.15. The 

assignments 

«ri->(Wi(ff),i/(6i(ff)) > p(6i(ff))). 
fit together to produce cobordisms of il^-cycles in the sense of Definition 8.6. 

i N STOP 

However, they do not produce a E _i J7. ' -cycle since the ends of the cobordisms 
given by X are not topological manifolds. But the two ends for i — 0, 1 are equal 
and so we can glue the two cobordisms along these ends and we obtain for each 
a G X the (n + 1 — |cr|)-dimensional pairs of normal (to — |er|)-ads 

(W 1 (a)) U X(CT) W Q {a)),u{b x {a)) U„ xw K&oW),^W) U p((r) p%{&))). 

i iV STOP 

which now fit together to produce a E _ ft, ' -cycle in the sense of Definition 
8.6. This produces the desired signature 

sign^^zo) G H n (X; E _1 Jl^' STOP ). 



66 



PHILIPP KUHL, TIBOR MACKO AND ADAM MOLE 



To prove the equation recall from Proposition 9.7 the quadratic signature map 
sign L * : £~ 1 S~2^' STOP — > L. (1). We have to investigate the value of the induced map 
on the just defined G/TOP-signature. By definition this value is given on each sim- 
plex a E X as the (n— |cr|)-dimensional quadratic Poincare (m— |<r|)-ad obtained by 
the algebraic surgery on the algebraic pair extracted from the (normal, topological 
manifold) pair (Wi(cr) U X (a) Wo(a), M x (a) U M (a)). 

Consider now the left hand side of the desired equation. By Example 14.15 
the value of each summand on a simplex a is obtained via algebraic surgery on 
the algebraic pair extracted from the normal pair (Wi(a), Mi(a) U X(a)) (whose 
boundaries are not Poincare and so the resulting complexes are also not Poincare) . 
Subtracting these corresponds to taking the disjoint union of the normal pairs above 
and reversing the orientation on the one labeled with i = 0. On the other hand 
there is a geometric normal cobordism between geometric normal pairs 

(Wi(cr) U x{a) Wb(ff),Afi((r) U -M {a)) 

and 

(Wi(o-) U -Wo(o-),Mi(ct) UX(ct) U -Mi(a) U -X(a)) 
which induces an algebraic cobordism and hence the extracted algebraic data are 
also cobordant. □ 

14.7. Normal invariants revisited. 

Let X be an n-dimensional GPC which admits a topological block bundle re- 
duction of its SNF. For such an X we will now discuss in more detail the bijection 
Af(X) = [X; G/TOP] which was already used in the proof of Theorem 13.7. 

We first set up some notation. An element x E M(X) is represented either 
by a degree one normal map (/, 6) : M — > X from an n-dimensional topological 
manifold M to X or by a pair (y, h) where v : X — > BSTOP is a stable topological 
block bundle on X and h: J(v) ~ vx is a homotopy from the underlying spherical 
fibration to the SNF. The two descriptions of normal invariants are identified via 
the usual Pontrjagin-Thom construction, see [Wal99, chapter 10] if needed. 

An element in the set [X; G/TOP] of homotopy classes of maps from X to 
G/TOP can be thought of as represented by a pair (P, h), where v: X —> BSTOP 
is a stable topological block bundle on X and h : J{v) — * is a homotopy from 
the underlying spherical fibration to the constant map (which represents the triv- 
ial spherical fibration). The set [X; G/TOP] is a group under the Whitney sum 
operation and it has an action on Af(X) by 

[X; G/TOP] x Af(X) -> N{X) 

((P, h), (v, h)) *+{v®v,h® h). 

The action is free and transitive [Wal99, chapter 10] and hence any choice of a 
point x Q = (v ,h ) = (Jo, b Q ) G N{X) gives a bijection [X; G/TOP] ^ N{X) 
whose inverse is denoted by 

(14.9) t(- x ) : Af(X) [X; G/TOP] 
So for x = (y, h) and t(x, xq) — (p, h) we have 

(14.10) (v,h) = (v@v ,h®h ). 

14.8. From normal invariants to cohomology. 
Construction 14.17. Now we construct the map 

f: G/TOP -> S- 1 n^ STOP . 

To an Z-simplex in G/TOP alias a degree one normal map (/,&): M — > A 1 the 
map r associates an ^-simplex of S -1 !!^ 81,013 alias an (I + l)-dimensional l-ad of 
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(normal, topological manifold) pairs (W, M\J— A 1 ) where W is the mapping cylinder 
of / and the normal structure comes from the bundle map b. 

The proof of Theorem 13.7 shows that the surgery obstruction alias the quadratic 
signature map sign L * : G/TOP — > Lq(1) can be thought of as a composition of two 
maps: 

P n/TAD v v'-ln-W.STOP i • L. ^-l AT,STOP t /-,\ 

I:G/I(JP — > 2j S2 ano - sl S n : ^ "o ' ~ ^ J J 0\1/) 

where the second map comes from Proposition 9.7. 

14.9. Products and Thom isomorphism. 

Now we briefly review the cup products in ring and module spectra. We only 
concentrate on the cases which are used in this paper. In fact we only need the 
cup products realizing the Thom isomorphism. Let X be a CW-complex and let £ 
be a fc-dimensional spherical fibration over X . Further suppose that F is a module 
spectrum over the ring spectrum E. Then there are the cup products 

- U - : H p (X; F) ® H q (Th(£); E) -> £P + «(Th(f ); F) 

x ® y H> x U y 

given by the composition 

xUy: Th(0 A X+ A Th(£) ^>F p AE,^ F p+q 

with A the diagonal map already mentioned for example in section 3. If we have 
an E-orientation u g i? fe (Th(£); E), then the resulting homomorphism 

(14.11) - Uu:H p (X;F) -> H p+k (Th(£); F) 

is the Thom isomorphism. 

Remember now that we are working with simplicial complexes and A-sets rather 
than topological spaces. The above constructions work in this setting as long as we 
choose a simplicial approximation of the diagonal map A. An explicit description of 
such an approximation in our situation is given in [Ran92, Remark 12.5]. However, 
it does not help us much since we do not understand its behavior with respect to 
the signatures we have defined earlier in this section. On the other hand, as we will 
see, we understand the behavior of the diagonal map A of spaces with respect to 
the orientations discussed in section 13. Since we also know that the orientations 
correspond to the signatures via the .S'-duality (Proposition 13.3) we can work with 
them and therefore we can work with the version of the cup product for spaces. 

14.10. Proof of (b) - Naturality of orientations. 

The commutativity of the second square follows from the second paragraph of 
subsection 14.8. The commutativity of the third square follows from the natural- 
ity of the cup product with respect to the coefficient spectra and from the fact 
that the canonical L'-oricntation of a stable topological block bundle is the image 
of the canonical MSTOP-orientation (Proposition 13.2). The commutativity of 
the fourth square follows from the naturality of the S'-duality with respect to the 
coefficient spectra. 

14.11. Proof of (c) - Signatures versus orientations revisited. 

If x = (/, b) :M — > X represents an element from Af(X) then (c) can be expressed 
by the formula 

(14.12) f(t{x,x )) Uu STOP (v ) - S- 1 (sign° /TOP (x,x )) 

in the group H k (Th(i/ x ); S _1 rj^' STOP ). Here x, € Af(X) are represented either 
by degree one normal maps (/j, bi) : Mi —> X or pairs (ft, hi) as in subsection 14.7 
and we keep this notation for the rest of this section. For the proof an even better 
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understanding of the relationship between various signatures and orientations is 
needed. To put the orientations into the game we use the Pontrjagin-Thom map 

s -i n ^,STOP _ MS(G/TOP) := Fiber (MSTOP -> MSG). 

We will show (14.12) in two steps, namely we show that both sides are equal to a 
certain element M G / TOP '(y,v ) £ H k (Th(v x ); MS(G/TOP)). 

Construction 14.18. Recall the canonical STOP-orientations (subsection 13.5) 

u aTOP (u) -u STOP (v ) G H k (Th(v x ); MSTOP) 

and also the fact that we have the homotopy ho U ft: Th.(u x ) x [— 1)1] — ► MSG 
between J(y) and J{vq), This homotopy can also be viewed as a null-homotopy 
of the map J(u (v) — u ST (i/q)) . Hence we obtain a preferred lift which we 
denote 

u G ' TOP {v,u Q ) 6 tf fc (Th(i/ x );MS(G/TOP)). 

Proposition 14.19. Let X be an n- dimensional GPC and let x, xq be two topo- 
logical block bundle reductions of the SNF. Then we have 

S(u G / TOP (v,v )) = S ign x /TOP (x,x ) G ff„(X;MS(G/TOP)). 

Proof. The proof is analogous to the proof of Proposition 13.4. Recall that the 
signature sign x OF {x, xq) is constructed using the dissections of the degree one 
normal maps (/j, bi). From these dissections we inspect that we have a commutative 
diagram 

G /TOP 

sign ' (xi,Xo) , mo t a p 

Z m /X ► E-in*<s TOP 



Sing F(v x \v Q ) > Sing MS(G/TOP)(fc) 

where we use the notation MS(G/TOP)(fc) := Fiber (MSTOP(fc) MSG(Ar)) 
and F(vi\vq) := Pullback (Th(^i) -> Th(v x ) <- Th(i/ )). This proves the claim. 

□ 

Now we turn to the left hand side of the formula (14.12). We first need to 
understand the composition (abusing the notation slightly): 

f : [X; G/TOP] A H°(X; E -1 nf ' STOP ) -> H°(X; MS(G/TOP)). 

Let (P, ft) represent an element on [X; G/TOP]. Recall that ft: J(v) ~ e and that 
we have the canonical orientations u MSTOP (iy) and it MSTOP (e) and the homotopy 
u MSG (h) : u MSG ( J(y)) ~ M MSG (e). We obtain 

TV- T.W I MSTOP / \ MSTOP/ \ MSG/m MSG/ 7/ \\ MSG/ \ ^ ,\ 

1 (;/, h)) = (u (y) — u \ e )i u {h):u {J{v))—u (e) ~ *) 

Hence the element r(i/, ft) is the unique lift of w MSTOP (^) — M MSTOP (e) obtained 
from the homotopy ft. 

Now consider our x,xq G ■AZ'(X) and denote t := i(x, xo) = (£", ft). As a warm 
up before proving the equation (14.12) we consider its push-forward in the group 
H k (Th(v x ); MSTOP). Denote the composition 

T:[X; G/TOP] ^ H°(X; MS(G/TOP)) H°(X; MSTOP) 
This simply forgets the homotopy it MSG (ft). So we have 

T{9, ft) = u MSTOr » - u MSTOP (e) : Th(p) ~ £ fc A< + ~ Th(e) -> MSTOP. 
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Define the following two maps 
$: [X;G/TOP] ff°(X; MSTOP) and 1 : [X; G/TOP] -> H°(X; MSTOP) 
by 

$(zA>) = u MSTOI » and l(v,h)=u MSTOP (e) 
so that we have T — $ — 1 and consider T(t) — ($ — The Thom isomorphism 

(14.13) - Uu STOP (v a ) : ff°(X; MSTOP) -> fe (Th(z/ x ); MSTOP) 

applied to an element $(<) e H°(X; MSTOP) is given by the composition 

Th(u) A A Th(z/ ) ' I ' (t)A " STOF( ' yo) > MSTOP A MSTOP ^ MSTOP. 

From the relationship between the Whitney sum and the cross product and the 
diagonal map we obtain that 

u STOJ, (v) = $(t(x,x ))Uu STOP (v ). 

Analogously we obtain 

u STOP M = i(^^o))u u STOP K). 

Lemma 14.20. Let X be an n-dimensional GPC and let v, vq-.X^t BSTOP be 
two topological block bundles such that J{v) — fx — J{vq). Then the canonical 
STOP -orientations satisfy 

u STOP n - u STOP M - r(t>, x )) u u STOP M. 

Proof. The desired equation follows from the definition T = $ — 1. □ 

The final step is the following lemma which is a refinement of Lemma 14.20. 

Lemma 14.21. Let X be an n-dimensional GPC and let v, v$:X^ BSTOP be 
two topological block bundles such that J{v) ~ vx — J{vq)- Then the canonical 
STOP -orientations satisfy 

U G / TOP (^z, ) = f(t(x,x ))U U STOP K). 

Proof. The left hand side is obtained from the left hand side of Lemma 14.20 using 
the null-homotopy of T(t(x, Xq)) coming from h U ho : J{v)) — J{vq). The right 
hand side is obtained from the right hand side of Lemma 14.20 using the null- 
homotopy of T(t(x,xo) coming from h : J(t(x, xq)) ~ J(t(xo, x<j)) — vx- Applying 
the cup product with u p (^o) to this null-homotopy corresponds to taking the 
Whitney sum with Vq and produces the homotopy h ffi id„ : J{v)) — J(vo). The 
claim now follows from the property of the SNF that any two fiberwise homotopy 
equivalences between the stable topological block bundle reductions of the SNF are 
stably fiberwise homotopic. □ 

14.12. Proof of the Main Technical Theorem (II). 

Proof of the Main Technical Theorem (II) assuming Propositions 14-4 an d 14-13. 
Consider the set 

Q := { -signJ; i(x)] (/,6) e L„(Z[^(X)]) 

(/, b) : M — > X degree one normal map, M manifold}. 

Fix a degree one normal map (fo,bo): Mq — > X from a manifold Mq to our Poincare 
complex X. Proposition 14.13 tells us that 

si g n z[; i( x)](/o^o) + Q =im {A: H n (X-U(l) -> L n (Z[m(X)})) 

= ker (0:L„(Z[7ri(X)])->S„PO) 
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and it follows that Q is a coset of ker(<9). The preimage 9~ 1 s(X) C L n (Z[7ri(X)]) 
is also a coset of ker(<9). Moreover, from Proposition 14.4 we have Q C d~ 1 s(X). 
Hence Q and d^ 1 s(X) are the same coset of ker(<9) and thus Q = d~ 1 s(X). □ 

15. Concluding remarks 

In Part II of the book [Ran92] interesting generalizations and applications of the 
theory can be found. 

One important such generalization is the theory when one works with the spec- 
trum L.(0) rather than with L. (1). This yields an analogous theory for the ANR- 
homology manifolds rather than for topological manifolds. The Quinn resolution 
obstruction also fits nicely into this theory. For details see [Ran92, chapters 24,25] 
and [BFMW96] . 

We note that, as already mentioned in the introduction, this generalization is 
especially interesting in view of the recent progress in studying the assembly maps 
associated to the spectrum L.. For example, thanks to the generalization, the 
results about the assembly maps in [BL09] can be used to obtain an application 
in [BLW09] , which discusses when does a torsion- free word- hyperbolic group G have 
a topological manifold model for its classifying space BG. 

Another important application is that the total surgery obstruction can be 
used to identify the geometric structure set of an n-dimensional manifold M with 
§n+i (M). This is closely related to subsection 14.5 and in fact the geometric surgery 
exact sequence can be identified with the algebraic surgery exact sequence, with 
more details to be found in [Ran92, chapter 18]. 

Interesting examples of geometric Poincare complexes with non-trivial total 
surgery obstruction can be found in [Ran92, chapter 19]. 
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